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PREFACE TO THE SECOND EDITION 


This book attempts to show how classical control theory is applied in the design 

of tactical guided weapon systems. It is hoped that it will be of value to engineers 
involved in the design, research and management of these systems as well as lecturers 
and postgraduate students taking control and systems orientated courses. The subject 
matter is based on lecture notes given to the Guided Weapon Systems (M.Sc.) Course 

at the Royal Military College of Science; this course is the only one of its type 

in this country and has been running continuously for twenty nine years. I have 
assumed that the reader has already studied linear control theory and is familiar 
with such concepts as transfer functions, transient response, steady state errors, 
phase margin, damping ratio, Bode diagrams etc. 

In the first edition chapters were included on Wiener filters, modern control theory 
and Kalman filters; these have been omitted in the second edition and the original 
subject matter extended and brought up to date. An explanation of this apparently 
retrograde step is called for. Firstly in the last two years many unclassified 
papers on optimal control applied to guided weapon systems have appeared; there 
appears to be no point in duplicating this literature, and I have done little more 
than refer to some of them very briefly in the text. Secondly, in spite of the 
enormous efforts that have been made in the last twenty years, it is fair to say 
that the attempts to design systems with the use of optimal control theory alone 

have been very disappointing. The engineer well versed in optimum control concepts 
and the use of on-line computers is clearly not very impressed with the rather ad 
hoc efforts of the classical control man; he sees a long process of compromises and 
adjustments of gains and compensators which have to be made when considering the 
conflicting requirements of steady state accuracy, dynamic performance, stability 
and saturation and performance with noise present. Now, provided the problem can 

be defined, the modern approach considers all these aspects Zn one go, and will 
produce the optimum design. Unfortunately, a lot of the constraints that have to 

be included in the solution are too difficult to be stated mathematically, or if 
they can be, their inclusion makes the solution too complex. Moreover, optimal 
control usually requires measurements of more of the system states than are presently 
available; providing good estimates is often not practicable due to the amount of 
noise in the system. 

At the time of writing, I think it is true to say that an experienced engineer, 
knowing nothing of optimal control, can design a very good system indeed. Conversely, 
an engineer well versed in optimal control onZy will not be able to design a good 
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system at all. However, further insight and new ideas have originated from the 
modern approach, and this process will surely continue and perhaps accelerate. 
Quite clearly there are these two complementary approaches, and there is a need 
for both of them; ideally there is a need for engineers who have studied both as 
there is a communication problem. But to do justice to both approaches in one 
modest volume did not seem practicable. 

Finally, it is a great pleasure to place on record the advice and help I have 
received over a period of fifteen years from my many friends in British Aerospace 
whose courtesy and patience are apparently inexhaustible. Also my thanks once 
again to Mrs A Hare whose typescript has been reproduced throughout in its original 
form. 


Shrivenham 
February 1980 P Garnell 


CHAPTER 1 


THE ACCURACY OF TARGET 
TRACKERS 


1.1 INTRODUCTION 
A guided missile is one which is usually fired in a direction approximately towards 
the target and subsequently receives steering commands from the guidance system to 
improve its accuracy. Inertial guidance is often used in medium and long range 
missiles (over 40 km say) when the intention is to hit a given map reference. The 
techniques used in such systems are quite different from those used in most short 
and medium range systems; moreover they have been adequately described elsewhere 
(1), (2), (3). The guidance-control systems covered in this book are command 
systems and homing systems. There is much in common between these two systems; for 
instance one has to track the target in both systems. In command systems the 
tracker is usually stationary or moving slowly (e.g. the target tracker could be on 
a ship). In homing systems the target tracker is in the missile and in such a 
case it is the relative movement of target and missile which is relevant. The 
special tracking problems associated with homing are considered in chapters 8 and 9; 
50 in this chapter we assume that the tracker speed is small enough not to 
influence the kinematics of the engagement seriously. 


1.2 SOME OBJECTIVES WITH FEEDBACK 

This book is about the accuracy of closed-loop systems, and since space is three- 
dimensional we have the problem of eliminating the separation of missile and target 

(a) down-range 

(b) up-down 
and (c) left-right 
The propulsion system is, of course, designed to give the missile sufficient range 
to reach the target and does not concern us in this book, with this one proviso: 
the propulsion system can affect the accuracy if the missile speed is not constant. 
If there is a component of acceleration 0 along the missile fore and aft axis and ^ 
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there is some body incidence a, it follows that there must be a component of 
acceleration U sin a perpendicular to the velocity vector and this will alter the 
direction of the missile velocity. We shall have to return to this later. 
Nevertheless, it is broadly correct to say that it is the guidance and control 
systems which are designed to modify the missile's trajectory; the signals to the 
missile are usually in the form of up-down and left-right commands. For many 
reasons the guidance and control systems are imperfect: 

(a) Due to the inertia of the target tracker there must be a tendency for the 
estimation of the target direction to be in error. Moreover due to the mass of the 
missile there must always be a delay in effecting a change in its position. 

(b) Biases and disturbances such as thrust misalignments, winds, variable friction 
levels, and biases in receivers and instruments must introduce an element of 
inaccuracy. 

(c) Noise in the system such as thermal noise and glint will reduce the accuracy. 
It is both convenient and significant to sub-divide items (b) and (c) above into 
those inputs, disturbances or biases (they can all be regarded as "inputs" to the 
system) which originate at the target and those "inputs" which originate anywhere 
else in the system. The situation is illustrated in Fig 1.2-1. 


FIG, 1.2-1 A closed-loop system with more than one input 


Most of the closed loops which we are concerned with have unity feedback with a 
feedforward transfer function of G(s) say. If an "input" 9p enters somewhere in 
the forward path we can regard the feedforward path consisting of two transfer 
functions G1 (s) Gp (s) = G(s). 9, İS a noise input originating at the input. In 
any closed-loop system 
uar А | , 
ТЕСТО РА raner ТЕРТ 5 feedback transfer function 
Considering 0, as the only input for the time being 
0 
S^ BS wa (1.221) 
G(s) G(s) 
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> 1 as G (s) G^ (s) + © 
Perhaps it is more meaningful if we define Gee ree an OS the error and we wish 
to make Ө. > 0. Hence 


Ee coe te a P Kes 
F ө; ө; G4 (S G, (S + У ) 
and this clearly + 0 as G1 (s) G^ (s) > ә j.e. we require as high an open loop gain 
as possible. Now consider the effect of a disturbance 9p. Ideally the value of 
the output 85 due to 9p Should be zero. In this instance G^ (s) is the feedforward 


transfer function and бу (s) is the feedback transfer function i.e. 


pmi Fo li жей - d pos 
b тете) 159561526) қай 
2 


Without feedback 85/8, = Gy(s ) and therefore it must always be less with feedback. 
The effect of 6, on the output + 0 if G (s) +o, We see therefore that the 
requirements to follow an input ө; and reject a disturbance 9p in general do not 
conflict; we require G4 (s) to be as large as possible. In practice we will be 
limited by stability and engineering considerations. 

However, such is not the case if an input 9, originates at the same point as the 
true input 0. The transfer function 09/95 is exactly the same.as that for 99/84 
as given in equation 1.2-1. For 96 to + 0 for any given Ө then G (s) 6, (s) must 
also + 0 and this is clearly totally incompatible with the prime task of following 
the target accurately. All that can be done is to design the system transfer 
function (or filter) so that the miss distance due to attempting to follow both 
the target and the noise is a minimum. 


1.3 SOME GENERAL CONCEPTS ON ACCURACY 
Consider the simplest model of an angular position servo, say a radar tracker, 
designed to follow an input 6,. It consists of an angular error detector of gain 
Ky V/rad, an amplifier of gain ko V/V and a motor, electric or electro-hydraulic, 
which will produce an antenna velocity of k3 rad/s/V associated with a time lag 
defined by a time constant T (sometimes called a first order lag or exponential 
lag). The loop is closed by implied integration since we are defining the output 
as output position not velocity, see Fig 1.3-1. 


FIG. 1.8-1 A stmple position servo 


4 Guided Weapon Control Systems 
It is clear that if any coulomb friction or external disturbance exists there 
must be some misalignment and this can be made small if the system gain is high 
enough. Consider now a ramp input (i.e. a constant velocity input) defined by 
epus Qt 

where 0 has the dimensions rad/s. Іп the steady state the servo will develop а 
steady state error өе just large enough to drive the antenna at an angular rate Q. 
The error in position will now neither increase or decrease and is given by 

Oak kok3 = ӨК = 0 
947 2/K (1.3-1) 
where K = ky kok3 and is usually referred to as the velocity constant; it is the 
steady state output velocity for unit position misalignment, in the absence of any 
other loads, biases or disturbances. The system is called a Type 1 servo because 
there is one integration in the feedforward path. The closed loop transfer function 
is 


9 1 


зш se сш. (1.3-2) 
t "Тек УИК И aS" + а45 + 1 


D 
а 


Equations 1.3-1 апа 1.3-2 tell us therefore that for a ramp input Qe = 218. The 

аҙ term in the closed-loop transfer function does not affect the accuracy іп this 
instance; inertia has no significance unless the velocity is being changed. 

Suppose now the input velocity is not constant, but is accelerating. Applying the 
final value theorem as carefully explained in any textbook on closed-loop control 
reveals that the steady-state error is infinity! This is because the mathematics 
interprets an accelerating input to have infinite velocity in the steady state. 
Clearly at any time the input and output velocities must be finite. An accelerating 
input will result in an ever increasing error and the motor is always trying to 

keep pace with the demand for more speed. Due to the inertia of the system however 
its output speed always lags behind the demand. Hence, the following error is 
always slightly greater than the instantaneous velocity divided by the velocity 
constant. Conversely, if the input velocity is decreasing the motor and load 
inertia will tend to run faster than the demand and hence the error will be slightly 
less than expected. We will consider a more realistic model of a tracker servo in 
the next section. 


1.4 A TRACKER SERVO 
A target tracker attempts to align its electrical null axis (or "boresight" as it 
is often called) in elevation and azimuth with a line joining the tracker and 
target called the line of sight (LOS). There are two identical servo systems to 
do this, so only one will be considered. The first and essential requirement is 
for a device which produces two signals (one up-down and the other left-right) 
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proportional to the misalignment between the LOS and the boresight. The angular 
error detecting mechanism associated with a tracker is either a radar receiver or 
an optical (and this includes infra-red) signal processing system (4). 

Most of these error detectors are very non-linear for large misalignments but are 
regarded as essentially linear for small misalignments of about 1° or less; 
tracking errors are rarely as large as this. The receiver may well provide range 
and range rate information as well but since we are concerned only with angle 
measurement we will call this particular aspect of the receiver the "angle channel 
receiver". A typical target tracking servo loop is shown in Fig 1.4-1. The angle 
channel receiver produces a signal proportional to the misalignment between target 


RATE GYRO OR 
TACHO GENERATOR 


PROPORTIONAL 
PLUS INTEGRAL 
AMPLIFIER 


WIND 
TORQUES 


INERTIA 
DYNAMICS 
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ANGULAR 
RATE 


INHERENT POSITION FEEDBACK INTO RECEIVER 


FIG. 1.4-1 Target tracker 


and its own boresight, өр 7 а: Since it is a linear device, and no reckonable time 
lag is associated with it, its transfer function is a simple gain ky volts/radian 
(misalignment). This error signal is fed to a proportional plus integral amplifier 
whose transfer function is к (1 + 1/T4s) = к (715 + 1)/Тү5. The servo is now 
Type 2. The usual servo components now follow: a power amplifier, motor (electric 
or hydraulic) and a gear speed reducer, together with the lumped inertia and 
viscous friction, if any. Some angular rate feedback is usually provided by a 
tachogenerator or a rate gyro (details in chapter 5), the output from which is 
subtracted from the output from the proportional plus integral amplifier. It should 
be noted that if the rate feedback is subtracted from the output of the receiver 
| the servo is now only Type 1 instead of Type 2 as the integrating action of the 
proportional plus integrating amplifier is now prevented by feedback. 
The purpose of the rate feedback is twofold; firstly to improve the stability 
margin in the Nyquist sense and secondly to assist in rejecting outside disturbances. 
Consider stability first. In the entirely hypothetical case of there being no 
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electro-mechanical lags whatever and no rate feedback the open loop transfer 
function is ky kok (715 + ША the modified system now has a closed loop transfer 
function of 


Ө (ToS 
n" (1.4-1) 
t ШЕ [ky kok, + Т15 +1 
Since h and күк; are under the control of the designer the accuracy and degree 


of stability (i.e. damping) are also under his control. However, there will 
certainly be some electromechanical lags in the system: inductances in drive circuits, 
the inertia of the combined motor and antenna, and mechanical and structural 
resiliences in the transmission of motion from motor to antenna. These time 
constants will all erode stability margins, and could easily result in the whole 
system being unstable. High gain and feedback round these dynamic lags will 

reduce the effective value of these time constants. Secondly there will always be 
some noise and external disturbances associated with these components such as 
variable coulomb friction, wind loads, imperfectly cut gears and structural 
vibrations. A high gain rate loop tends to isolate the main position loop from 
these disturbances; as we shall see the outer or position loop usually has a low 
open loop gain and is not so well able to reject these disturbances. In the 

case of a moving base, such as a ship, there will be some additional disturbances 
due to the relative motion between base and antenna. Coulomb friction changes 
direction when the relative motion changes direction, there will be torques 
generated in the servo motor or actuator if there is any relative velocity between 
motor and antenna, and there will be some inertia effects due to the inertia of 

the drive motor if there is any relative acceleration; if the base accelerates and 
the antenna is to remain stationary the drive motor must accelerate. A rate gyro 
gives the correct form of angular rate feedback for systems on moving bases, as its 
action is identical to a tachogenerator if the base is stationary. If however the 
base is moving the rate gyro does not just record the relative motion between 
antenna and base, as would a tachogenerator; instead it measures the total angular 
movement of the antenna Zn space, and it is this quantity which we wish to control. 
An alternative method of reducing the destabilising effect of these dynamic lags is 
to place a phase advance network in the forward path, immediately after the 
proportional plus integral amplifier. This has a transfer function of the form 


Ts + 1 
als + 1 


where a < 1. Alternatively, more complex compensating networks such as are 
described in section 7.3 can be used. What we are trying to do is to cancel the 
electro-mechanical lags by the numerator term or terms in the compensating network, 
leaving a considerably smaller term or terms in the denominator. This cannot be 
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exact of course, as the electromechanical lags can often vary, especially if a 
hydraulic drive is used, but a far more fundamental objection to this method is 
that there is now no fast-acting inner loop which attempts to reject outside 
disturbances. Nevertheless, whichever method of compensation is used, greater 
power will be demanded from the power amplifier and motor due to changing input 
demands and it will make no difference to the extra power required which method 
is used. If a certain motion of the antenna is required then certain power 
requirements automatically follow. 

A simplified representation of the tracker with one input only, the target direction 
D is shown in Fig 1.4-2. The electromechanical lags are shown as equivalent to 
one time constant T5. 


PROPORTIONAL 
PLUS INTEGRAL INHERENT 
AMPLIFIER RATE LOOP INTEGRATION 


FIG. 1.4-2 A simplified model of a target tracker 
The system transfer function is 


e Tas +1 
M €— (1.4-2) 
9t Т5 s? 

— + —— + Ts + 1 

?no “no 


where a = ктк 4/3, and represents both the open loop gain and the undamped 
natural frequency of the system if the rate loop lag is negligible. A more 
realistic model would show this inner loop as equivalent to two time constants, 
which, with high gain and feedback could well result in this loop having an 
oscillatory mode, i.e. with a damping ratio Hi less than unity. This model is 
shown in Fig 1.4-3. 


FIG. 1.4-3 A more realistic model of a target tracker 


The system transfer function is now 


G.W.C.S.—B 
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ө Ts + 1 
тав | (1.4-3) 
9% E 21185 2 
Ts + 
уақ а ааг 
€ Ung Cong “no 


Both of these systems are Type 2 servos with two open loop integrations; such 
systems invariably have equal coefficients of "s" in the numerator and denominator 
of their transfer functions. For a constant error in position 8, the steady state 
slope of the antenna velocity is now equal to б. X open loop gain = Өе X АСТАР 
uei But the sZope of the output velocity is the output acceleration, 
which for a constant error must be equal to the input acceleration a. Hence 

ones «fus ot. But this is for a constant input acceleration. We must now examine 
the true nature of the input өр 


= 06 X Un 


1.5 TRACKING ACCURACY IN THE ABSENCE OF NOISE 


In practice one must specify the maximum target speed and the minimum tracking 
range. Usually the maximum angle of elevation is also specified. Before analysing 
the angular motion as seen by an antenna following a moving target the phrase 
"crossing range" should be defined. This range is defined, on the assumption that 
the target continues moving in a straight line, as the shortest distance that it 
ever can be from the tracker. When it is at this point it is "passing" the 
tracker and is at the "point of closest approach". It is important to note that 
"crossing range" means slant range. If the point of closest approach in ground 
range is 4 km and the target height is 3 km the crossing range is 5 km. A target 
may well manoeuvre for a short time before attacking but during most or all of the 
time targets fly straight with constant velocity. -We will therefore take such a 
target as the standard; surprisingly enough moderate target manoeuvres do not add 
greatly to the tracking task. In Fig 1.5-1 the crossing range is d and the 
corresponding ground range is d'. The instantaneous slant range is r and the 
corresponding ground range is r'. 


CROSSING 
POINT УН TARGET 


TRACKER 


FIG. 1.5-1 Angles and distances associated with 
tracking a target flying at constant altttude 
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In the following analysis it is assumed that the UE speed Uy is constant. 


NES Ui sin A/r' - U, sin ҮП (1.5-1) 
To evaluate A we can write 2 
2U ОЕ БГ A 
A z E. ehe ge -qr cos A sin pO er 
0,2 0,2 sin 2A 1,2 sin 2A 
ate sini kasi е Anan ж шшр шун (1.5-2) 
(d') ee) DE COSLEE 
For a given maximum value of elevation E max and minimum range o min it is easily 
seen that the maximum angular ао occurs when А = 45° апа is given by 
4 2 2 
А ax ГА ЛЕ COSH Е (1.5-3) 


This should not be confused with the maximum angular acceleration for a given 
crossing distance as this occurs at A = 60°. Equation 1.5-2 is also warning us 
that angular accelerations can be impossibly high if very high angles of elevation 
are specified; in practice тах is often limited to about 60°. 


Similarly, expressions for E and E can be obtained: 
U 


E = — sin E cos A (1.5-4) 
and 2 
ic Dan ӘЛЕ (1 + 2 cos^E)) (1.5-5) 
255274 ап . 
Clearly the absolute maximum value occurs when cos A = 0 and is given by 
US: tan E T 
SL 2775 (1.5-6) 
min 
If however A = 0, i.e. the target is going to pass directly overhead then 
i i 1527 
Ee edn 2E (1.5-7) 
"min 


Equation 1.5-7 can be used to obtain maximum values for E « 45° and equation 1.5-6 
to obtain maximum values for E » 459. 
If the maximum value of E = 609 is specified then Table 1.5-1 summarises the 


position. 
TABLE 1.5-1 MAXIMUM ELEVATION ACCELERATIONS 


ЕШТЕН 5217, 8 


459 
0.174 0.342 0.643 0. 866 927 21223 
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It is seen therefore that, even for the apparently straightforward case of a 
constant speed target flying at constant height angular rates and accelerations 

are not constant. Наа the angular acceleration been constant we could have 
calculated the constant following error by the method already discussed; in 
practice the tracking error will vary in time. The graphs drawn in Figs 1.5-2 

and 1.5-3 show the ratio of the actual following error 6, to the approximate 

value given by the instantaneous input angular acceleration divided by the open 
loop gain. The results have been computed for a system whose rate loop is modelled 
as a second order system, see Fig 1.4-3. They are applicable to motion in azimuth 
when the angle of elevation is small, or to motion in elevation when A is small, 

as this illustrates better what is going on. The generalised angle 9 has been 

used as the results are then applicable to both channels. The angular acceleration 
is increasing up to 6 = 60°, and then decreases for 6 > 60°. We see that when the 
acceleration is increasing, the following error is slightly Zess than that given 

by the instantaneous acceleration divided by the open loop gain; the converse is 
true when the acceleration is decreasing. This is simply explained when one 
realises that the controller is not simply an integrator with a gain. It is a 
proportional plus integral element which instead of being written ko (1 + 1/Т|5) is 
better written as к2(Т15 + 1)/Tys i.e. it is phase advanced integration. The phase 
advance part always makes the output signal larger when the input is increasing, 
and decreases the output when the input is diminishing; and the effect of this 
must, in general, more than offset the lag in the rate loop. If it did not the 
whole system would be unstable as the effect of the two integrations (one electronic 
and one implied) alone is to produce a phase lag of 180° in the frequency domain 

at all frequencies. When one takes the rather more complicated inputs (e.g. motion 
in azimuth when E is not small) one arrives at a similar conclusion: the actual 
following error for a Type 2 servo to a good first approximation is the instantaneous 
input acceleration divided by the open loop gain. The fact that they can be 
appreciably greater than this value for values of 6 greater than 60° is of no 
practical significance as the actual value of Ө is rapidly reducing to zero at 
these large values of ө. 

Suppose therefore that the problem is to track targets flying up to 600m/s as 
accurately as possible at ranges from 4 to 32 km and that the design aim is, under 
the worst conditions, for the r.m.s. tracking error not to exceed 0.3 milliradians. 
If we concern ourselves with the elevation channel only and assume the tracking 
elevation will not exceed 45°, equation 1.5-6 or 1.5-7 can be used to compute 

E .. This occurs when E = 45° and is given by 


max 2 6 а 
E AX 25600 /162x:210:..8-2.25:.3;.10 


2 rad/s 
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FIG 1.5-2 Following error for a type 2 servo 
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(b) 


FIG 1.5-8 Following error for a type 2 servo 
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The minimum open loop gain for 6 to be 3 x 1074 radians is 2.25 x 102/3 = 

75 rad/s* /rad. The minimum outer loop natural frequency Ono therefore is /75 = 8,7 
rad/s. 

The damping ratios of the outer and inner loops and the ratio of their bandwidths 
have little effect on the tracking accuracy but they will, of course, affect the 
stability margin of the system. Some indication of the optimum values of these 
parameters can be obtained by considering the tracking accuracy in the presence of 
noise. 


1.6 THE EFFECT OF THERMAL NOISE 
Noise is present in all receivers and the reader is referred to Skolnik (4) for 
a discussion on the main sources of noise in radar receivers. Our problem stems 
from the fact that in closed loop systems high amplification of error signals is 
needed to obtain good system accuracy; nevertheless amplification of signals 
amplifies noise as well, so that some form of compromise is necessary. The main 
Source of noise in radar receivers is "thermal noise" because electrons in any 
conductor at a temperature other than absolute zero are always in random motion. 
This motion gives rise to an electrical noise voltage which is essentially "white" 
i.e. its spectrum is independent of frequency from d.c. to a frequency far in 
excess of any servo tracker bandwidth. There are many other sources of noise 
associated with receivers including environmental background noise but in practice 
it is found that if receiver noise is significant it is largely due to thermal 
noise, and therefore is sensibly constant for a given receiver. The actual noise 
output expressed as a mean square voltage however is not constant. If the 
incoming signal is strong (e.g. a large target at short range) an automatic gain 
control reduces the gain of the IF amplifier, in order to keep the output independent 
of the signal power and this effectively reduces the noise output. The result is 
that the signal-to-noise ratio varies. If one is illuminating and tracking a 
target the received power will vary inversely as the (range )^, all other things 
being equal. An assumption that is usually made therefore is that the mean squared 
noise output from a receiver for a given target, range and atmospheric conditions 
varies inversely as the signal-to-noise ratio and is proportional to (range ^. 
Since all angle channel receivers are designed to produce a voltage proportional 
to the angular misalignment it follows that the mean square noise output can be 
regarded as a mean square angle. Suppose that the r.m.s. output from a receiver 
into a given impedance is v volts. If the receiver gain is К volts per radian 
misalignment the r.m.s. noise regarded as an angular input is v/ky radians. It 
is convenient to regard this as a noise input originating at the target, and 
there is no loss of generality in doing this. Hence, thermal noise is often 
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referred to as "angular" noise. Let the spectrum of this noise be defined as 

$ (o) = кё rad? /rad/s , where Ka is a constant. 
The problem now is to determine the mean square value (and hence r.m.s. value) of 
the antenna "jitter" due to this noise. It is most important to note at this 
stage that, ideally we require a servo to have zero bandwidth so that all this 
noise is filtered out. Consider now the mean square output L of a filter whose 
transfer function in frequency form is 1/1 + joT. The input is white noise whose 


spectrum is constant up to a frequency uy. The mean square output is therefore 


^b 
к =K S dw 
т2)2 od Poe „°т° 
oe «з 
--- tan a T 
Provided œT > 10 say this approximates to тК,2/21. This means therefore that the 
mean square output would be the same as that from another filter whose pass band 
was flat up to a frequency equal to т/2Т and then cut off completely at this 
frequency. In other words a simple first order lag has an effective bandwidth to 
white noise of 7/2 times its own bandwidth of 1/T. It is easily shown that the 
equivalent noise bandwidth of any linear filter is a function of the coefficients 
of the transfer function. In general a linear system will have a transfer function 
of the form 


where the order of the numerator is at least one less than that of the denominator. 
Integrals of the form " 2 
I y b(je)| d 
^ la (jw) | 
can be evaluated and Table 1.6-1 gives values for systems up to fourth order. We 
will be concerned with the equivalent noise bandwidth of two main loops, one the 
target tracking loop and the other the missile guidance loop. In both cases 
ас = po = 1. We justi fy integrating up to w = ~ because the noise bandwidth is 
so much greater than the system bandwidth. 
It is instructive to evaluate the equivalent noise bandwidth of a simple one-to- 
one second order system where ay = 2u/u,- The equivalent noise bandwidth is 
therefore 
ш ш 
T Ies ST en: 
А? ГЕТ 
aah ДЫ АС! may /4. Now a critically damped second order system has two equal 
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TABLE 1.6-1 EQUIVALENT NOISE BANDWIDTHS 


Order of system Value of I 
First order T 
BULUM UNIES. 7 
1 
+1 
Si 


b 
а. 
Second order Bum ыс. 
2i 
2 
Third order LE E а е сё * лый с я 


"pod eae 2 
Fourth order 


cer а/ы 
4 
roots; it is equivalent to two first order systems of time constant T = Ш in 
series. These "two" filters therefore have an equivalent noise bandwidth equal to 
one half of one of them taken in isolation. Consider now the same system with the 
forward path gain increased by a factor of four. The undamped natural frequency 


a а-а 
1 2 1:4 


758 Md 


Wy is now doubled, the damping ratio is halved and the equivalent noise bandwidth 
is quadrupled. Clearly, the equivalent noise bandwidth of a system can have 

quite a different value from the signal bandwidth which is defined as the frequency 
at which the output amplitude has attenuated by 1/У2 of the amplitude at zero 
frequency; it corresponds to the "half-power bandwidth" as used by telecommunica- 
tions engineers. Table 1.6-2 illustrates this point. 


TABLE 1.6-2 BANDWIDTHS OF TYPE 1 SECOND ORDER SYSTEMS 


Damping Ratio ert | А 5 
ш i i 
n 
Equivalent noise bandwidth 0.785 17H 1757 3.14 7.85 
ш 
n 


However, the main closed loop systems we will be considering are Type 2 systems 


with an approximate transfer function of 
ө b.s + ] 
OT. 1 
= = — 
E 25 + 415 + 1 


where by = a). This could represent the simplest possible target tracker with a 
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negligible lag in the rate loop. Hence by = бү = 2и о/о = Т) (see equation 1.4-1) 
а) = 1л = Ty /ky kok and VPE 152 3/2. The equivalent noise bandwidth from 
Table 1.6-1 reduces to 
7 "no (200 + 1/2uj) 

If this is differentiated with respect to y, and equated to zero we find that a 
minimum occurs with Hom 0.5! The minimum noise bandwidth is therefore Two which 
is precisely double that for a Type 1 second order system with the same damping 
ratio. This is because the compensating element is a proportional plus integral 
element with a transfer function of 1 + 1/Т|5 and is therefore equivalent to pure 
integration with a gain of 1/7} in series with a proportional plus derivative 
element as we have already noted. Excessive feedforward of the derivative of 
the error has the effect of increasing the bandwidth whereas feedback of derivative 
of the output in general has the effect of reducing the bandwidth. Table 1.6-3 
shows the bandwidths of Type 2 servo systems for different damping ratios. 

TABLE 1.6-3 BANDWIDTHS OF TYPE 2 SECOND ORDER SYSTEMS 


Equivalent noise bandwidth 


on 


Both Tables 1.6-2 and 1.6-3 show the disastrous effect that poor stability margins 
have on equivalent noise bandwidth; clearly the requirement is for this to be as 
small as possible. 

Now consider a more realistic model of a tracker as shown in Fig 1.4-2 where the 
electro-mechanical lags are shown as equivalent to one time constant Тә. If 

T/T) = X, and we note that for stability x < 1 and use Table 1.6-1 to determine 


the equivalent noise bandwidth we find that this is now 

2 (2u, + 1/2) 

2.700 A ae Ж 
where Wn and Uo define the outer loop with no rate loop time constant. This is a 
surprising result. It is perfectly clear that additional lags in a system will 
reduce stability margins and one might be tempted to restore the phase margin by 
increasing the value of Т Кеер1пд who constant. The stability margin zs increased 
by increasing ШЕ the value of Uo is increased. Nevertheless the equivalent noise 
bandwidth is also increased. Hence the absolute minimum equivalent noise bandwidth 
of a Type 2 servo is TU and this occurs when Boxe 0.5 and there are negligible 
lags in the rate loop. 


And finally let us consider the effect of two effective lags in the rate loop as 
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shown in Fig 1.4-3 and whose transfer function is defined in equation 1.4-4. The 
equivalent noise bandwidth is now 

то SUL Ыыы 

gi 1 20 

Again, the equivalent noise bandwidth is always a minimum if c =, It is fairly 
insensitive to m provided c is 4 or more and the best choice for m usually lies 
between 0.4 and 0.5. For any practical value of c the minimum noise bandwidth is 
achieved if We is between about 0.4 and 0.6. Fig 1.6-1 shows these results 
graphically. 


3 


N 


EQUIVALENT NOISE BANDWIDTH/ T Who 


FIG. 1.6-1 Equivalent notse bandwidth of a fourth order Type 2 servo 
Let us therefore now fix the main design parameters for the servo. оо = 10 gives 


us the necessary tracking accuracy with a small margin. йу жыл т 0:5 апа с - 5 
say to minimise the equivalent noise bandwidth. Any compensators such as lag-lead 
and lead-lag networks are placed in the rate loop to make possible a fast inner 
loop, the faster the better. The equivalent noise bandwidth is therefore 


TW 6 TE EH 21+ PS - 47 rad/s 


We now consider a particular antenna and receiver design and assume an equivalent 
echoing area of target. The spectral density of the thermal noise (to take a 
realistic figure) is given by 

5 = K2 = 8.0 x 10715 n, /R ^ rad /rad/s 
where Be is a reference range of ] km and Ry is the actual range of the target in 
km. The mean square jitter of the antenna due to thermal noise is therefore 
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o? = 8.0 x 107 x 47 x к, rad? 
The r.m.s. value On is ЖҮН 
epu 6.13 Ry /10 rad 
which is 0.01 x 1073 rad at 4 km 
0.04 x 10°? rad at 8 km 


0.16 x 107? rad at 16 km 

0.35 x 1073 rad at 24 km 

0.63 x 107? rad at 32 km 
It is clear that we cannot meet the requirement of an accuracy of 0.3 x 10 " rad 
at the longer ranges due to excessive servo bandwidth; but a large servo bandwidth 
is not required at these ranges. One method therefore of improving the overall 
performance is to reduce the gain of the loop starting at ranges in excess of 


=3 


16 km say. To keep the damping ratio of the outer loop constant the values of Ko 
and Тү» see Fig 1.4-3 would have to be varied together. This is easily implemented 
in practice as range information will almost certainly be available from the 
receiver. This will not only decrease the bandwidth of the outer loop but will 
also increase the value of c thus reducing the effective noise bandwidth still 
further. Table 1.6-4 shows the estimated tracking accuracy using a fixed gain 
servo loop compared with a variable gain loop. Since there is no correlation 
between the acceleration of the sight line and thermal noise in the receiver and 
that the noise output of the receiver will have a normal distribution we are 


еј АУ 


t a n 


justified in assuming 


where 9. is the total r.m.s. tracking error and са is the tracking error due to 
sight line motion. 


TABLE 1.6-4 TRACKING ERRORS IN MILLIRADIANS 


1.7 THE EFFECT OF OTHER INPUTS AND DISTURBANCES 
An important contribution to tracking accuracy when using radar is the phenomenon 
of "glint". It is well known that the apparent radar centre of a target (other 
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than a perfect sphere) moves during flight due to target motion causing differential 
phase changes at the receiver between the returns scattered from different parts of 
the target. Such motions are caused by vibration, target manoeuvres, range closure 
causing a changing target aspect and air turbulence (aircraft) and sea waves 
(ships). Sometimes these angular motions of the target cause the radar to interpret 
the true centre of area to be well outside the target outline. The fluctuation 
rate is proportional to target angular rate and also to microwave frequency. In 
strike aircraft glint is largely a yaw phenomenon and its r.m.s. value is often of 
the order a fifth of the wingspan and this means that its r.m.s. value could be in 
the range 2-4 metres. These figures are very approximate as the amount of glint 
can vary considerably with target aspect and will vary from target to target 
depending on the "smoothness" of the reflecting area (5). A frequency analysis of 
the time record of the glint from an aircraft target often suggests that its 
spectrum approximates to white noise passed through a first order lag of time 


constant T, i.e. 2 
g Kg 2 
& (w) = ав: m /rad/s (1.7-1) 
w Ta +1 
ГЕ ie is the mean square value of the glint then from Table 1.6-1, Le = "KS /2T 3 
Tg is typically in the range 0.1 to 0.25 seconds. Hence if Ty and Lg are known 


approximately K.^ can be evaluated. Although nowadays, in any serious simulation 
of a target, glint is rarely represented in this way (9), nevertheless a first 
estimate of its effect on tracking accuracy can be obtained by making these 
assumptions. 

There is no doubt that glint is a very low frequency source of noise originating 
at the target, and the energy will be largely within the pass-band of the radar 
servo, except perhaps at the longer ranges where the servo bandwidth is so low. 
It is instructive to calculate the r.m.s. antenna movement due to glint for 
different servo bandwidths. Assume for simplicity that the servo approximates to 
a second order system i.e. one with a very fast inner rate loop. The situation 


is depicted in Fig 1.7-1. 
GLINT ANTENNA JITTER 
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FIG. 1.7-1 Glint represented as white noise 
having passed through a first order filter 
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2ы25/9 0 + 1 


1 
6; (5) G(s) = тат See 
| : d g S Гоо + 2105/0 + | 


Lf шт 0.5 as before, and using Table 1.6-1 we find that the equivalent noise 
bandwidth is 


A by + а, a> 2% Т епо 

"ааста Sub ЕТЕТ, nen os 
Z аа, - аз 219 gno t ul 

The mean square output or jitter due to glint is therefore 
Mom o Тыш 2+ Толо 
9 9 219 g*no *-* 71/40 g 
2 * T.o 
2. т тт Т (1.7-2) 
3 g^no ho 9 


Table 1.7-1 shows the ratio of r.m.s. antenna jitter to the r.m.s. value of the 


glint for various normalised servo bandwidths. 
TABLE 1.7-1 ANTENNA JITTER DUE TO GLINT 


This means that in general the r.m.s. jitter due to glint is about the same value 
as the r.m.s. value of the glint itself, except when the undamped natural frequency 
of the servo is less than about one half that of the glint bandwidth. It is 
pointed out that the jitter has been expressed in metres rather than in angular 
measure. This is because glint is essentially an apparent movement of the target 
in metres. The radar sees this as an angle but this will result in a movement of 
the tracking beam in metres at the target. An r.m.s. jitter of 2m at a range of 

4 km is an angular tracking error of 0.5 x 107? rad due to this cause alone and 
this means that we cannot meet the specification at the shorter ranges. 

There is however a well-known technique called frequency agility which can be used 
with monopulse radars for spreading the glint spectrum over a wider frequency band 
(6), (7); it can also have an effect on the r.m.s. value of the glint and the 
tendency is for it to reduce rather than increase this value. The effect of 
changing the transmitted frequency is to change the coherent interference pattern 
at the aerial of the waves scattered from the target by altering the phase 
differences between the contributions from the individual scatterers. If, for 
example, the effective bandwidth can be increased by a factor of eight and the 
original time constant is 0.16 s then the apparent glint bandwidth now extends 

to 50 rad/s, and much of this energy will be filtered out by the servo. 

How does a target manoeuvre affect tracking accuracy? Suppose a target should 
suddenly make an evasive manoeuvre of 4g. The maximum effect on sight line 


The Accuracy of Target Trackers 21 
acceleration will be if the target flight path is down the line of sigh such that 
the target acceleration is initially perpendicular to it. At 4 km range the sight 
line acceleration due to this manoeuvre is 4 x 9.81/4000 rad/s? and this is 
approximately 1 x 10? rad/s*. This is 40% of the maximum angular acceleration due 
to a straight flying target. The effect on steady state accuracy will depend on 
the plane in which the manoeuvre takes place but in any case there will be a size- 
able error during the transient period. 

Drifts in the proportional plus integrating amplifier could seriously affect accuracy. 
Nowadays d.c. amplifiers are readily available with offsets that can be trimmed 
easily and whose drift rates with changes in temperature are very small. For real 
precision the proportional plus integrating operation can be done digitally (11). 
Any steady biases or slow drifts elsewhere in the servo will then have no effect 
whatsoever on the system accuracy. We have already mentioned that resilience in 
the drive from the motor through the gears and to the antenna structure constitute 
a dynamic lag. The modes of oscillation are bound to be very lightly damped 
especially with large supporting structures made of light alloy with a low elastic 
modulus. Ideally the lowest frequency mode should be at least four times the 
system open-loop gain crossover frequency otherwise the closed-loop stability will 
be affected. There is an increasing tendency for trackers designed for high 
accuracy to use high-torque low-speed drive motors driving direct or through an 
anti-backlash single gear reduction. An alternative method of eliminating the 
destabilising effect of the backlash is to use two opposing motors (10). The 
effect of lightly damped mechanical or structural resiliences can be partially 
cancelled by the use of notch filters (13). The notch filter zeroes have to be 
carefully placed as the angle of departure of the root locus can easily result in 
closed loop poles in the right hand plane (14). Another technique of reducing 

the effects of load resonance is given by Shinners (15). A useful technique with 
hydraulic drives is the use of pressure feedback, which is essentially acceleration 
feedback, which helps to damp out the primary resonance in the drive (10). Since 
none of these stabilising techniques are perfect, it follows that unless the 
primary resonance of the drive can be designed to a reasonably high frequency, the 
open-loop gain will have to be lowered to ensure system stability; the steady state 
accuracy is thereby degraded. 

It is instructive to look more closely at the action of a high gain rate loop in 

` reducing the antenna movement as a result of load torques. Consider Fig 1.7-1 as 
representing a torque disturbance L at the antenna. If all the inertia and viscous 
friction is lumped together as equivalent motor inertia and friction then the 
output speed is (motor speed)/N. 
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FIG 1.7-1 A tracker servo with a torque disturbance 

where ka is the power amplifier gain V/V 

К. is the motor torque constant at stall Nm/V 

J is the system inertia referred to the motor 

f is the viscous friction coefficient Nm/rad/s 

ky is the motor back е. т. f. constant (if an armature controlled d.c. motor 

is used) V/rad/s 

К. is the tachogenerator constant V/rad/s 

N is the gear ratio 
The load disturbance can be shown as L/N at the motor. Now, the rate loop can be 
simplified as a steady state gain of k3 rad/s/V and a time constant T3. Both кз 
and T3 are reduced on account of the tachogenerator feedback. It is easily shown 
that if the gain is reduced by a factor x then the time constant is reduced by 
the same factor. Fig 1.7-1 therefore reduces to Fig 1. 7-2. 


L/Nk, km 


FIG 1.7-2 A reduced form of Ftg 1.7-1 
From this diagram we can write down the transfer function for 9 /L which is 


is 


à b ] 
L/N ЗА (78 + 1) Ns ES Tis T] 
k3 115 


Simplifying this is 
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та. T{S/Nk Қ.К, (1.7-3) 
To T4 Ns T,Ns 
Re Een * 118 t" 

There are four important conclusions to be drawn from this transfer function: 
(a) An integrator in the feedback path of a constant "input" results in zero steady 
state output (write jo = 5 and let w > 0). Moreover if the "input" is changing 
very slowly then the integrator is always adjusting its output in an attempt to 
reduce the output to zero. At the high frequency end the output must be zero also 
due to the natural filtering effect of the system. 
(b) By introducing some rate feedback the gain of the rate loop кз has been reduced 
by a factor x. In order to restore the open loop gain АРАСАН to its original 
design value, as determined by the requirement to follow accelerating sight lines, 
the gain ky has to be increased by a factor 1/x. This reduces the output for a 
given L by a factor x. 
(c) Considering now the denominator of the transfer function. Since T and the 
product kik, are both fixed, what effect has the term in T. on the equivalent 
noise bandwidth? Since T3 is reduced as a result of rate feedback this means 
that the coefficient of s? is reduced. The reduction of the value of a time 
constant must improve system stability and therefore must reduce the equivalent 
noise bandwidth. Reference to Table 1.6-1 for a third order system shows the 
denominator for the value of the integral to be арау - аз; ihe a3 is reduced the 
value of the integral is also reduced. 
(d) And finally we must count the cost. We have reduced the plant gain k3 by 
feedback and increased the controller gain Ky to compensate for this. This 
inevitably means that there will be greater demands on the power amplifier and 
motor; these two servo items will probably have to be replaced by ones with a 
greater power handling capability to avoid saturation. If high gain and feedback 
cured most problems and there was no cost there would be very few real closed 
loop problems in practice. 
The isolation of the antenna from the effects of wind torques is essentially the 
same problem. Wind torques acting on a large antenna have been calculated and 
Confirmed by measurement (12). The a.c. components of these torques due to wind 
gusting will depend on the geographical situation and the degree of exposure. 
' Nevertheless over a wide range of mean wind speeds the torque spectrum was found 


to be of the form: 


MC aj Nem? rad 15 
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where с is а constant depending on aerial size shape and orientation relative to 
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the wind 

V is the mean wind speed 

Т has a mean value of about 8.5 seconds 

Т, is about 0.5 seconds 
Wind gusting is therefore seen to be a very low frequency phenomenom. Given the 
wind spectrum therefore and the servo transfer function from torque to antenna 
position the r.m.s. antenna disturbance due to wind can be estimated. 
And finally what sort of figure in practical systems is claimed for the total 
effect of servo noise? Some American direct drive systems claim a roughness of 
drive better than one arc second. However, most modern tracking servos using 
geared motors and one or more of the feedback techniques already outlined can 
keep servo noise down to less than 0.1 milliradian r.m.s. 


1.8 A SELF OPTIMISING SERVO 
We are not suggesting that the variable gain servo in section 1.6 is an “optimum" 
servo. For instance one can argue that the gain at the lowest ranges should be 
increased to increase the overall accuracy. One could argue that the structure 
of the servo loop is not the "best"; a lag-lead compensator could be used to 
increase the gain, or one might even envisage a type 3 servo. However, there are 
objections which are far more fundamental than these. We have designed for the 
worst possible value of e and in most engagements a value of 459 will not be 
encountered. We have assumed a given equivalent reflecting area of the target 
and we have assumed no jamming noise; and we have assumed a given speed of target. 
Targets could be much slower than this or conceivably faster. Atmospheric 
conditions (such as rain) and a smaller or larger target could easily result in 
the actual noise level present to be more or less than the assumed value. 
All these arguments are suggesting that in order to be truly adaptive we ought to 
make some intelligent enquiries during the engagement in order to find out just 
what is going on. A simple method would be to make use of the information already 
available i.e. the tracking error signal. If there is no noise present this signal 
will essentially be a "d.c." signal as it will be changing very slowly with time. 
There will certainly be no high frequency components present. Now consider the 
nature of the "error" signal when there is white noise present from the receiver. 
If this signal is fed to a filter with a pass-band from say 0.5 Hz to 1 kHz, the 
filtered output will know virtually nothing of the true tracking error. A large 
output will merely indicate that there is a lot of noise in the system. To obtain 
more precise information concerning errors due to accelerating sight lines we need 
to pass the error signal through a low-pass filter with a pass-band from 0-1 rad/s 
say. If the white noise has a bandwidth of 5 kHz or thereabouts, the output from 
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this filter knows virtually nothing of the noise in the system. Fig 1.8-1 is 
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FIG 1.8-1 The use of filters in a self-optimising servo 
suggesting that the outputs from these filters are both squared (to make them 
invariably positive) and the respective outputs fed to a differential amplifier. 
If this difference is then fed to a filter (say an integrator) the output of this 
filter is used to vary the gain and integrating time constant of the proportional 
plus integral element. If the output from the low pass filter is less than that 
of the high pass filter then the arrangement must be to decrease the gain of the 
system and vice-versa. If the gains of these filters are chosen correctly the 
tracking error can be minimised (8). Since the tracking error due to angular 
acceleration is inversely proportional to (bandwidth)? and the jitter is proportional 
to (bandwi dth)?, it is easily shown that the system is optimised when the mean 
square jitter due to white noise is four times the mean square true tracking error. 
An alternative method of adapting to widely varying signal-to-noise ratios is 
given by Adelman and Shinners (16); this attempts to keep the tracking error down 
to a preassigned value. It does not seek an optimum bandwidth. 


REFERENCES 
T. MCCLURE C.L. Theory of inertial guidance. Prentice Hall International Inc 
. 1960. 
2. SAVANT et al. Principles of inertial navigation. McGraw Hill Book Coy Inc 
1961. 
3. PITMAN G.R. Inertial guidance. John Wiley and Sons 1962. 
4. SKOLNIK M.I. Introduction to radar systems. McGraw Hill Book Coy Inc 1962. 


26 Guided Weapon Control Systems 


5. DELANO R. A theory of target glint or angular scintillation in radar 
tracking. Proc IRE, pp 1778-1784, December 1953. 

6. LIND Goran. Reduction of radar tracking errors with frequency agility. IEEE 
Transactions on Aerospace and Electronic Systems Vol AES-4 No 3 May 1968. 

7. BIRKEMEIER W.P. and WALLACE N.D. Radar tracking accuracy improvement by means 
of pulse-to-pulse frequency modulation. IEEE Trans Communications and Electronics 
January 1963. 

8. FISHER M.H. Adaptive control of radar tracker servos. M.Sc. thesis, Guided 
Weapon Systems Course, Royal Military College of Science, 1976. 

9. WARNE R.L. An appraisal of the glint problem to radar tracking. M.Sc. thesis, 
Guided Weapon Systems Course, Royal Military College of Science, 1978. 

10. LOZIER J.C., NORTON J.A., and IWAMA M. The servo system for Telstar antenna 
positioning. Automatica Vol 2 pp 129-149. 

11. WINSTON G.C. Design of a precise servo control system. Control Engineering 
March 1970 pp 84-89. 

12. TITUS J.W. Wind torques induced on a large antenna. US Naval Research 
Laboratory Report No S549, 

13. WILSON D.R. Modern practice in servo design. Pergamon Press 1970. 

14. WILLIAMSON S.E. The root locus method. IERE Vacation School March 1977 at 
the University of Reading. 

15. SHINNERS S.M. Minimising Servo Load Resonance Error. Control Engineering 
January 1962. 

16. ADELMAN S. and SHINNERS S.M. Automatic tracking considerations for ballistic 
targets. Proceedings of the Fifth National Convention on Military Electronics 1961. 


CHAPTER 2 
MISSILE SERVOS 


2.1 SERVO REQUIREMENTS 
Anything other than the warhead and fuze of a missile is dead weight. Minimum 
weight and volume are almost over-riding requirements for any missile servo. Good 
shelf life, low cost and reliability are obvious requirements, and a facility to 
test is an advantage although it can be argued that if reliability is excellent 
then a requirement to test, which involves time, training and test equipment, should 
be dispensed with: Servos for large radars and launchers are either electro- 
hydraulic or all-electric. New equipments of this type tend to use d.c. motors 
with constant field excitation and solid-state controlled armatures. Now a 
tactical guided missile can weigh anything from 10 kg to 1000 kg with flight 
times of 5 to 100 seconds or more. Some systems are liable to experience very noisy 
guidance signals while others may have a comparatively quiet ride. It is this 
diversity in size, duration of flight and type of duty cycle that has resulted in 
a number of successful designs of servos to operate control surfaces or thrust 
vector elements. Quite clearly a servo specification will call for a minimum 
dynamic performance and this could be conveniently expressed as "the phase lag in 
the frequency range a to b rad/s shall not be worse than that of a quadratic lag 
of undamped natural frequency c rad/s and damping ratio d". Some control over 
stability can be obtained by calling for a maximum value of closed loop amplitude 
ratio, or resonant gain as it is sometimes called. Now all missile servos incorporate 
mechanical stops to limit the angular travel to a safe limit, typically + 159.059. 
Suppose Ж = 0.3 rad and we call for a performance no worse than that defined by 
ek т 150 and и = 0.5. Since the maximum fin velocity is + o 9s * 45 rad/s, or 
about 450 rev/min one has to consider whether this comparatively large amplitude 
will ever be associated with this high frequency. It is argued in section 6.16 
that fin rate saturation can have serious consequences in that it tends to 
unstabilise the autopilot. Since saturation, if it occurs, will be mainly due to 
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low frequency glint noise and broad-band white thermal noise, it follows that an 
accurate estimate of noise levels is desirable before a servo specification is 
written. Hence, maximum fin rate will always be defined. The load inertia will be 
quoted of course in addition to the maximum aerodynamic hinge moment due to the 
control surface centre of pressure not always coinciding with the axis of rotation. 
Some thrust vector methods involve considerable coulomb friction due to seals. 


2.2 STORED COLD GAS SERVOS 


The advantage of using a fluid operated motor compared with an electric device to 
produce a force or torque is the much higher pressures that can be utilised with 
high pressure gas or hydraulic fluid. In a stored gas system working pressures 

are typically about 5 MN/m* (1 м/т = 145 Ibf/in*) and this is much higher than 

the effective pressure obtainable in any electric motor; this makes for a small 

final control element or "actuator". Fig 2.2-1 shows the main features of a 
pneumatic fin servo; the error 

signal is obtained by summing the 
input demand voltage with the 
negative feedback from a potentiometer. 
Compensation and amplification of 
the error signal are also performed 
electrically. These are conventional 


ESSE techniques and apply to all the 
REGULATOR servos to be described. Actuation 
power is obtained from stored gas 
which is released just before firing 
CONTROL SURFACE by means of a solenoid-operated 
start valve. A reducing valve 
regulates the pressure to a lower 
value such that the servo supply 
pressure remains approximately 

FIG 2.2-1 Mechantcal and electro-mechanical constant until перове pressure 

components of a stored gas system is less than the reduced pressure. 

The system illustrated represents a gas operated servo in its simplest form. The 
double acting actuator is the "area-half-area" type and operates in the on-off mode. 
Conversely if the compensated error signal is converted into a pulse-width modulated 
signal the servo operates as a linear system with a superimposed high frequency 
carrier equal to the modulating frequency. If the compensated error signal is 
simply used to operate the solenoid when this signal is positive (say) and not 
to operate it when it is negative then a limit cycle will result. A small high 
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frequency limit cycle is not a bad thing in a servo where the coulomb friction is 
appreciable as it tends to improve the accuracy. The American firm Chandler Evans 
Inc has manufactured a number of successful guided weapon and aerospace pneumatic 
flight control systems (1). Helium or nitrogen is stored at 50-55 мут, апа ап 
electro-explosive cutter which ruptures a sealing membrane is a standard technique. 
Gas containers are subjected to a weight check and mass spectrometer leakage test. 
Such a system is attractive from a long term storage point of view and the 
reliability is excellent because the fluid is clean. The electronics and valve 
design are simple and cheap to manufacture. 

If however the load inertia is considerable, the bandwidth obtainable with a 
pneumatic servo is limited; the dynamic lag from valve position to load speed is a 
second order one due to the compressibility of the gas and the pneumatic natural 
frequency decreases with an increase in load inertia. The pneumatic open loop 
frequency can be increased by increasing the gas supply pressure or by increasing 
the diameter of the actuator (2). An important design factor in any high 
performance pneumatic servo is an amplifier specifically designed to reduce the 
electrical time constant associated with the inductive solenoid winding (3). 
Pneumatic servos are usually associated with small missiles and fairly short times 
of flight; the weight of fuel plus bottle tends to be prohibitive if the total 
energy demand is large. 


2.3 HOT GAS SERVOS 


The advantage of burning cordite or some other mono-fuel such as iso-propyl nitrate 
and using the hot gas to drive the actuator is the reduction of the size and hence 
weight of the fuel container. The cordite can burn at the supply pressure and 

need not be stored at say ten times the supply pressure. Since however cordite 
burns at a greater rate at a higher pressure a relief valve must be used to allow 
generated gas to escape to atmosphere at times when the demand is low. Fig 2.3-1 
shows a typical arrangement using an equal area double-acting piston. An area-half- 
area design is often favoured for hot gas servos, in which case only one valve is 
required per actuator; it is necessarily bigger however since the volume of gas to 
be supplied is larger. However, reliability is increased and manufacturing costs 
are reduced. Although a direct bleed from the main propulsion motor plus a heat 
sink has been used on a system with a flight time about 12 seconds, a separate 
charge of much cooler burning cordite is generally used. Since cordite produces 
very dirty hot gas it will be appreciated that a long flight time creates some 
severe design problems, and most hot gas systems used so far have been restricted 
to missiles with short times of flight; but there seems to be no fundamental reason 
why this should always be so. 
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FIG 2.3-1 A hot gas servo 


2.4 RAM AIR SERVOS 


The concept of obtaining one's supply of air direct from the atmosphere has always 
been attractive. Although prototypes have been designed and successfully tested 

in a wind tunnel no such system in a production missile is known to the author. 

Fig 2.4-1 shows such a system, air being supplied through a number of pitot 

intakes positioned around the body and connected to a common manifold. As with all 
pneumatic systems the valve switches the fluid supply from one side of the actuator 
to the other such as to reduce the error. The only other source of power is a d.c. 
electrical supply and the system is extremely simple. However Table 2.4-1 shows 
that for typical missile speeds the pressure recoverable from a pitot tube is low. 
A ram air servo is unthinkable for speeds below about М = 1.5. This relatively low 
supply pressure means that, for a given servo actuator torque, the actuator size 
will be larger; this has a beneficial side effect in increasing the pneumatic natural 
frequency. 
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FIG 2.4-1 А ram atr servo 


TABLE 2.4-1 STAGNATION PRESSURE (MN/m^ ) AS A FUNCTION OF MACH NUMBER AND HEIGHT 


MEER 
0. 053 0.070 0. 091 0.243 0.473 1,12 
0.018 0.024 0. 306 0. 082 07159 0. 376 


The dynamic performance of a ram air system will vary with Mach number and altitude 


and this tends to follow the aerodynamic characteristics of the missile. This 
should not create any new autopilot design problems. Since the size of the 
complete servo system does not increase with flight time (except for the d.c. 
electric supply) as does that of a conventional hot or cold pneumatic system which 
requires a larger gas generator or gas bottle, it is found that a ram air system 
can offer slight weight and size advantages for long times of flight. However, 
there still remains the problem of providing an alternative power source (say a 
small cold gas bottle) for control during the boost stage. 


2.5 HYDRAULIC SERVOS 


Conventional valve-controlled hydraulic actuators have been used in many systems. 
If a supply pressure of 15 MN/m* or more is used one actuator size is very small 
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indeed and torque to inertia ratios are exceptionally high. Hydraulic natural 
frequencies are higher on account of the much greater bulk modulus of hydraulic 
fluid compared with that of say nitrogen at 5 ММ/т2, Very high performance servos 
can be designed using hydraulic power; bandwidths of 50 Hz or more can be obtained. 
They are an obvious choice when large inertias are involved, such as moving wings. 
Also, if a recirculating system as described by Walters (4) is used a hydraulic 
system will probably be the lightest of all for a long time of flight. A non- 
circulating system where oil is expelled from a tank by an explosive charge has been 
used in Seacat which has a short time of flight and moving wings; used oil is 
discharged to atmosphere. 

In a recirculating system high pressure oil can be obtained by means of a cool cordite 
gas generator which drives a turbine coupled to a gear pump (e.g. Thunderbird). 
Alternatively a mono-fuel such as isopropyl nitrate can be burnt to provide gas to 
operate a two cylinder reciprocating oil pump (e.g. Seaslug and Seadart). None of 
these items are cheap and when one adds the cost of the filters, actuators, relief 
valves, and control valves (the most expensive item) it will be found that a small 
conventional hydraulic servo system for a tactical missile is a very expensive item 
indeed. Hydraulic servos are not made commercially below about 8kW and tactical 
missile servos rarely require such large powers. However, Sperry Gyroscope (UK) has 
recently developed some considerably cheaper hydraulic servos. The very expensive 
proportional valve has been replaced by a simple on-off valve. The drive electronics 
is designed to produce a pulse-width modulated output for a d.c. input and hence 

the servo still remains a proportional one with a negligible limit cycle as the 
carrier frequency is high. A further great simplification occurs if the servos are 
required during boost only (see a discussion on this point under Thrust Vector 
Control in the next chapter); the hydraulic oil is simply pressurised by the high 
pressure propulsive gases and the oil is not recirculated. If the servos are 
required during the sustain or coasting phase the oil can be pressurised from a high 
pressure bottle containing helium or nitrogen. If the estimated noise levels are 
not very high and the operating time not more than about a minute a bottle-pressurised 
non-circulating system has been found to be preferable to the more expensive 
circulating system. 


2.6 ELECTRIC SERVOS WITH D.C. MOTORS 
A conventional permanent magnet d.c. servo motor apparently compares very unfavourably 
with a pneumatic or hydraulic motor on a power/weight basis. However, the power out- 
put quoted by the manufacturer of an electric motor is the rated power, i.e. based 
on the assumption of continuous operation resulting in a given temperature rise. 
For a flight time of a minute or less an electric motor can be considerably over- 
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rated. Most conventional permanent magnet motors can accept an armature current 
three or four times the rated current; currents larger than this result in partial 
demagnetisation. Some missiles using d.c. electric motors use motors with wound 
fields control being applied to the armature (e.g. Exocet). This results in a 
Slightly heavier motor and a small loss in efficiency but very large currents can 
be accepted for short periods with no permanent weakening of the field. Alternatively 
motors with samarium cobalt permanent magnets (7) can produce a short term output 
of nearly 0.4 kW/kg and a zero speed maximum acceleration of nearly 1.5 x 10° rad/ 
Soe and this is considerably higher than that obtainable from basket-wound or 
printed-circuit low-inertia armature motors. The cost of the permanent magnets 
means that these motors are expensive. Low-inertia ironless rotor motors however 
have very short overload ratings as the absence of iron results in a rapid rise 

in the temperature of the windings when on overload. Such motors could be 
attractive for missiles with flight times of less than about 20 seconds. Fora 
given motor torque the maximum load acceleration is obtained when G = WJ /J_, G 


еш" 
being the gear ratio. Тһе equivalent inertia at the motor shaft is then Jn + 7,/6 


2 
and for a motor torque ue the acceleration of the motor is Tm + 2,/67) - Tal? Ут" 
Тһе acceleration of the load 9, is therefore given by 

9, = 1,/20,6 = 1/2 ДЕР 
and since Jo is a fixed quantity it follows that 

8, 9 Tn” Im 

It follows therefore that the greatest load accelerations are possible with motors 
having the best torque*/inertia ratio. 


2.7 OTHER ELECTRIC SERVOS 
The power developed by a servo motor in controlling a missile control surface is 
consumed mainly in accelerating and decelerating the combined inertias of the 
motor and load; the power necessary to brake the load has to be supplied and is 
then dissipated as heat in the motor. A regenerative drive would be far too 
expensive for such a simple expendable device. A method of reducing power 
requirements and eliminating the effect of the motor inertia is to run a motor 
(preferably with increased inertia!) and control the load by clutches or by a 
clutch/capstan drive. When the load is accelerating power is absorbed from the 
motor and when the load is decelerating the power flow is reversed; the torque 
is reversed but the motor continues rotating in the same sense. Over a period of 
time the motor is required to make up the friction losses and the losses in the 
clutches when they are slipping. A very compact servo (5) is shown in outline 
in Fig 2.7-1. Two contra-rotating drums are in constant motion from a direct 
drive from the motor. A spring is wrapped round each drum and is attached to the 
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FIG 2.7-1 A clutch/capstan fin actuator 
nut at one end and one member of a clutch at the other.  Actuation of one clutch 
provides positive torque to the final drive, the capstan acting as the main power 
amplifier; actuation of the other clutch provides torque in the opposite sense. 
A mechanical interlock prevents the simultaneous operation of both clutches. The 
output end of each clutch spring is attached to the rotating nut of a screw jack. 
The translating screw jack drives the missile fin shaft through a rack and sector 
gear. When the error is zero the springs act as brakes locking the output shaft. 
In this design the maximum power output of the motor was reduced to less than 60% 
of the maximum power demand. Alternatively, the space available for the servo 
components may suggest that the capstans be dispensed with and the main power 
amplification be provided by magnetic particle clutches alone; the heat dissipation 
in the clutches may now be a limiting factor. However, the fact that one cheap 
motor can be shared between two or four servos is a considerable advantage. How 
do solenoids for direct actuation of control surfaces compare with other forms of 
electric actuation? Surely for sheer simplicity, cheapness and reliability there 
is no equal in the field of electro-mechanical energy conversion. However, on a 
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power/weight basis they compare unfavourably with d.c. motors. The fundamental 
reason why there is a difference is that although both devices utilise the force 
generated between two surfaces due to electric currents and electro-magnetic fields 
we use these forces over and over again in a rotary machine thus enabling large 
powers to be converted. In a solenoid the force is a large attractive one which is 
used once only in a working stroke; the force also varies considerably with the 
changing air gap. However, for small missiles and very short times of flight the 
simplicity and compactness of direct solenoid operation will certainly be attractive. 
The use of solenoids in homing head actuation is remarked upon in Chapter 8. And 
finally we note that although all missiles will need some form of electric power 
supply, those using electric actuation will need much more. It is difficult to 
provide the perfect power supply for a missile with a maximum flight time of 20 or 
even 10 seconds as ideally we would like a simple cheap battery which provides a 
near-constant voltage and Which is capable of giving up the whole of its stored 
energy in this very short time. Thermal batteries contain an electrolyte which at 
ordinary temperatures is an inert solid. When power is required a chemical heat 
source within the battery is ignited and this melts the electrolyte. Activation 
times are usually less than a second. They have excellent shelf life and reliability 
but suffer from considerable voltage droop as discharge continues. If the flight 
time is less than 40 seconds or so some of the battery capacity has to be wasted. 
There appears to be no hope at the present of providing a thermal battery which is 
efficient for extremely short discharge times, although of course they are widely 
used in systems with maximum flight times of say 12 seconds. Such systems do not 
usually use electric actuation. The alternative to the thermal battery is the 
silver-zinc battery where the potassium hydroxide electrolyte is forced into the 
cells just before use. These batteries are best used when the discharge time is 
seyeral minutes. 


2.8 SOME TENTATIVE CONCLUSIONS 
Missile servos are rarely cheap, especially for the high performance surface-to-air 
and air-to-air missiles which require such a large bandwidth and high maximum fin 
rate. The author is of the opinion that it is not possible to meet the specification 
for servos in this class with electric actuation of any sort. Very high performance 
servos can be designed using hot or cold gas and for the heavier medium-range 
missiles hydraulic servos usually provide the lightest and most compact solution - 
and the most expensive. Systems designed to hit stationary or slow moving targets 
require relatively low bandwidth autopilots and if the noise levels are not 
expected to be high a modest servo specification will be sufficient enabling 
electric actuation to be used. One method of reducing servo power requirements is 
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to use twist and steer, canard controls and a head containing the servos and 
control fins decoupled from the main body in roll. Ailerons will then have a very 
small inertia to control and elevators need to operate in one sense only. Direct 
solenoid actuation has been used in such a system. 
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CHAPTER 3 
MISSILE CONTROL METHODS 


3.1 INTRODUCTION 


^ 


Before going into mathematical detail concerning the motion of a missile in space 
as a result of guidance commands, some definitions and discussion are desirable. 
For instance, are we going to let the missile roll freely or are we going to 
control its orientation in roll? Are we going to manoeuvre the missile by moving 
control surfaces or are we going to alter the direction of thrust? This chapter 

is therefore mainly descriptive and discusses ways and means. 

It is convenient to start with a definition of the task of a missile control 
system. It is one of the tasks of the guidance system to detect whether the 
missile is flying too high or too low, or too much to the left or right. It 
measures these deviations or errors and sends signals to the control system to 
reduce these errors to zero. The task of the control system therefore is to 
manoeuvre the missile quickly and efficiently as a result of these signals. Suppose 
the guidance "sees" the missile at m relative to its own boresight and that we 
interpret this to mean that the missile is too far to the right and too low. In a 
cartesian system the guidance angular error detector produces two signals, a left- 
right signal and an up-down signal which are transmitted to the missile by a wire 
or radio link to two separate servos, say rudder servos and elevator servos. 

Fig 3.1-1 shows that this same information could be expressed in polar co-ordinates 
i.e. Rand ф. If.the same information is expressed in another way then the control 
system must be mechanised differently. The usual method is to regard the $ signal 
as a command to roll through an angle ф measured from the vertical and then to 
manoeuvre outwards by means of the missile's elevators. The method of control 
compatible with polar commands is called polar control or twist and steer. And 
finally, by way of introduction, we should perhaps be rather more specific 
concerning the words "elevators" and "rudders"; and "ailerons" should also be 
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defined. Guided missiles usually have one or two axes of symmetry. The reasons 
are discussed in Chapter 4. If a missile has four control surfaces as shown in 
Fig 3.1-2 one regards surfaces 1 and 3 as elevators and 2 and 4 as rudders even if 
the missile should roll subsequently. 


А 


FIG. 8.1-2 Control surfaces Looking from rear of missile 
If 1 and 3 are mechanically linked together such that a servo must impart the same 
rotation to both then these surfaces are elevators pure and simple. The same 
argument applies to the rudders. When surfaces 1 and 3 each have their own servo 
it is possible for them to act as ailerons. If looking in the direction y one 
surface is rotated x clockwise and the other surface ыр anti-clockwise then а 
pure couple is imparted to the missile about the fore and aft axis and this will 
tend to make the missile roll. Such control surfaces are now called ailerons. We 
can double the power of the ailerons by doing the same thing to control surfaces 2 
and 4. If now the aerodynamics are linear i.e. the normal forces are proportional 
to incidence then the principle of superposition applies. Commands for elevator 
rudder and aileron movements can be added electrically resulting in unequal movements 
to opposite control surfaces. In this way we have the means to control roll motion 
as well as the up-down (i.e. pitch) motion and left-right (i.e. yaw) motion. 
Alternative methods of control are shown in Fig 3.1-3. 
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FIG. 3.1-3 Missile control methods 


3.2 WHY NOT MANOEUVRE BY BANKING? 
The conventional method of altering course to the left or right in a glider or 
aeroplane is to use the ailerons to bank i.e. roll by an angle %, see Fig 3.2-1. 
If the lift force is increased slightly by the use of the elevators so that the 
vertical component of lift equals the weight then there is a horizontal component 
of lift equal to the total lift times sin 9. ІЁ is this component of lift which 
causes the flight path to change. An exact analysis of the manoeuvre is not 
simple as the airflow over the outer wing is faster than that over the inner wing 
due to the rate of turn. In practice a small amount of rudder is applied in an 
attempt to make the general airflow directly along the fore and aft axis of the 
aircraft and in the plane of the wings. In this condition there is no "sideslip" 
and hence no nett sideforce. This is the preferred method of manoeuvring since 
lifting forces are most efficiently generated perpendicular to the wings; the lift- 
to-drag ratio is a maximum in this condition. Moreover, from a passenger's point 
of view this method of manoeuvre is best for his comfort as the total force һе 
experiences is always symmetrically through the seat of his pants. 
Even so there is some additional drag induced when manoeuvring. An additional 
manoeuvring force is obtained by increasing the incidence and this means that the 
normal force is inclined backwards to the velocity vector by the angle of 
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FIG. 8.2—1 Forces acting on a banking atreraft 
incidence. There is a useful component equal to the normal force times the 
cosine of the angle of incidence and a component proportional to the sine of 
the incidence opposing the velocity vector. This "induced drag" will always 
occur whenever a lifting force is produced irrespective of the method of manoeuvre. 
Nevertheless the great majority of missiles have a symmetrical cruciform configura- 
tion i.e. two sets of wings and two sets of control surfaces. Why is this? 
There are two main objections to manoeuvring by ailerons and elevators. Firstly, 
it is a slow process as the full manoeuvre cannot start to take place until the 
full bank angle is achieved. This might not be acceptable with some systems 
designed to hit fast moving targets. Moreover, it is not a very precise method 
of manoeuvring. If the elevators are moved at the same time as the ailerons 
there will be some movement in the plane perpendicular to the desired one. If 
one waits until banking is complete there is an additional delay. 


3.3 ROLL CONTROL 
With cartesian control ideally one would like the missile to remain in the same 
roll orientation as at launch during the whole flight.  Up-down guidance signals 
if sent to the elevator servos should then result in a vertical manoeuvre of the 
missile; and left-right signals if sent to the rudder servos should result in a 
horizontal manoeuvre. However a missile is not designed like an aeroplane and 
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there is no tendency to remain in the same roll orientation. In fact it will tend 
to roll due to any of the following causes: 

(a) accidental rigging errors which cannot be eliminated entirely. 

(b) asymmetrical loading of the lifting and control surfaces in supersonic 

flight which occur when pitch and yaw incidences occur simultaneously and are not 
equal. This effect can be considerable but can be minimised by good design and 
tends to be small for long thin missiles. The roll moment from rear stabilising 
surfaces when asymmetric shock waves impinge on them can be more or less 
eliminated by mounting these surfaces on a collar which is free to rotate about 
the missile fore and aft axis; but in practice, complete freedom in the bearing 
which could be carrying large lifting forces, is impossible. 

(c) atmospheric disturbances especially if the missile is flying close to the 
ground. 

If the guidance error detector is on the ground, up-down and left-right signals 
can be implemented correctly if a roll gyro and resolver exist in the missile to 
ensure that the commands are mixed in the correct proportions to the elevators and 
rudders. However, it will be demonstrated in a later chapter that high roll rates 
cause cross-coupling between the two channels and tend to unstabilise the system. 
Conversely, if the guidance error detector is in the missile (e.g. all homing 
systems), then the guidance system and the control system share the same reference 
axes; if the guidance error detector rotates so does the control system and the 
necessity of resolving guidance signals due to missile rotation does not arise. 
However, there are many occasions when the system designer would wish to roll 
position control (i.e. stabilise) the missile: 

(a) if the missile is likely to be guided by radar at a low angle over the 

ground or sea, the use of vertically polarised guidance commands together with 
vertically polarised aerials in the missile will assist the missile receiver in 
discriminating against ground or sea reflections; the effect of "multipath" is 
much more severe over sea than land. 

(b) If the missile is a sea skimmer controlled in height by a radio altimeter, 

it will be necessary for the altimeter to point downwards - 15° or so. However, 
if sufficient apertures are available it may be possible to install an all-round 
looking aerial system. Nevertheless, a missile that radiates energy in all direct- 
ions not only wastes power but also advertises its presence - not a very popular 
course of action. Moreover, an all-round looking aerial system will probably 
involve a weakening of the missile structure. 

(c) If the missile is a homer and there is a mechanical drive from the missile to 
the homing head, the target may be lost if there is a high roll rate and the 
homing head is looking sideways; the inertia of the drive motor and friction in 
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the drive will tend to make the head follow the missile motion. This can be 
overcome by specifying very high performance servos in the homing head. Roll 
position control enables lower performance servos to be specified. 

(d) If one is going to over-fly a target it would seem desirable to employ a 
polarised warhead i.e. one whose effect is uni-directional. Roll position control 
would ensure that the warhead always points downwards. 

(e) Due to the aerodynamic shape of the missile it may be considered inadvisable 
to risk the possibility of high roll rates due to the adverse affect on system 
accuracy already mentioned. If high roll rates are the danger then the missile 
can be roll-rate stabilised instead of roll-position stabilised. 

It should be noted that a twist and steer form of control involves roll position 
stabilisation; or more specifically it involves roll position demand. The 
details of implementing roll control are discussed under autopilot design. 


3.4 AERODYNAMIC LATERAL CONTROL 


With a cartesian control system the pitch control system is made identical to the 
yaw control system so we need discuss one channel only; in this respect the 
nomenclature differs from that used in aircraft. With missiles, lateral movement 
usually means up-down or left-right. With polar control one rolls and elevates. 
The following remarks apply to the elevation channel in twist and steer missiles 
also. 

Rear control surfaces 

The majority of tactical missiles have fixed main lifting surfaces (often called 
wings) with their centre of pressure somewhere near the missile centre of gravity, 
and rear control surfaces. With subsonic missiles it may be more efficient to use 
the controls as flaps immediately behind the wings as the flap controls the 
circulation over the whole surface. With supersonic flow the control surface cannot 
affect the flow ahead of itself and therefore it is placed as far to the rear as 
possible in order to exert the maximum moment on the missile. Rear control surfaces 
often make for a convenient arrangement of components. Usually it is desirable to 
have the propulsion system placed centrally in the missile so that the centre of 
gravity movement due to propellant usage is minimised. It is convenient and 
sometimes essential to have the warhead and fuze at the front together with any 
associated electronics including the guidance receiver. This leaves the control 
system to occupy the rear end with the propulsion blast pipe passing through its 
centre. If there are four servos it is not impossible to design a neat servo 
package round this pipe. 

When considering the lateral forces and moments on missiles it is convenient 

first of all to consider the combined normal forces due to incidence on the body, 
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wings and control surfaces as acting through a point on the body called the centre 
of pressure (c.p.) and to regard the control surfaces as permanently locked in 

the central position. If the c.p. is ahead of the centre of gravity (с. 9.) then 
the missile is said to be statically unstable. If it coincides with the Сб 

then it is said to be neutrally stable and if it is behind the c.g. it is said to 
be statically stable. This of course is the reason why feathers are placed at 

the rear end of an arrow to move the c.p. aft. These three possible conditions 

are shown in Fig 3.4-1 to 3.4-3. The missiles are shown with a small incidence 
i.e. the body is not pointing in the same direction as the missile velocity vector 
О. In the unstable condition any perturbation of the body away from the direction 


m 
of the velocity vector results in a moment about the c.g. which tends to increase 
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FIG. 3.4-1 Unstable FIG. 3.4-2 Neutrally stable FIG. 8.4-3 Stable 
this perturbation. Conversely in the stable condition any perturbation of the 
body direction results in a moment which tends to oppose or decrease this 
perturbation. The distance of the c.p. to the c.g. is called the static margin. 
Since lateral force and hence lateral manoeuvre by aerodynamic means is obtained 
by exerting a moment on the body such that some incidence results it follows that 
if the static margin is excessive, the missile is unnecessarily stable and control 
moments will be relatively ineffective in producing a sizeable manoeuvre. There 
has to be a compromise here between stability and manoeuvrability. Now consider a 
missile whose forward speed is constant, with a steady body and wing incidence of 
8 and a control surface movement from the central position of с. We will consider 
motion in the horizontal plane only and assume the missile is not rolling; the 
effects of gravity are zero in this plane. Fig 3.4-4 shows the normal force N due 
to the body, wings and rear control surfaces assumed to be in the central position; 
this force N acts through the c.p. But there will be an additional force No due 
to the control surfaces being deflected by an amount с. Let this force act at а 
distance 2, from the c.g. Neglecting the small damping moment due to the fact 
that the missile is executing a steady turn, this picture can represent dynamic 
equilibrium if the rudder moment Note is numerically equal to Nx* where x* is the 
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FIG. 3.4-6 Canard controls 
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static margin. If 4 /x* = 10 say then N = 10 Ne; and the total lateral force - 9 Ne. 
Note that this force is in the opposite sense to Ne. Since x* is typically 5% or 
less of the body length it is easily seen that a small change in the static margin 
can significantly affect the manoeuvrability of the missile. Thus the standard 
method of obtaining a large lateral force on a missile is to have a large moment 
arm by placing the control surfaces as far from the c.g. as possible, and by 
designing in a small static margin. The reader may wish to verify that if the 

ср OC the wings and body alone is at the c.g. then 9 of control surface movement 
will produce the same amount of body incidence. If the c.p. as just defined is in 
front of the c.g. then 0 of rudder will induce more than 0 of body incidence. If 
this c.p. is behind the c.g. then less than A of body incidence will result. If 
a missile has no autopilot (i.e. no instrument feedback) a sizeable static margin 
has to be allowed to ensure stability in flight, say 5% or more of the overall 
length. With instrument feedback zero or even negative static margins can be 

used, thus assisting manoeuvrability. Before leaving rear controls it should 

be notéd that the overall c.p. can never be regarded as in a fixed position. The 
с.р. of the body in particular will vary with incidence and with Mach number. 
Forward control surfaces 

Since the main object of siting a control surface is to place it as far from the 
C.g. as possible, a position as far forward as is practicable appears a logical 
choice. Forward control surfaces are often called "canards" named after ducks 

who apparently steer themselves by moving their head. Fig 3.4-6 shows another 
possible case of dynamic equilibrium. In this case it is seen that the lateral 
force due to the missile as a whole now adde to the force due to the deflection 

of the control surface and therefore if Vc /X* = 10 as before, then the total normal 
force is 11 Ne compared with 9 No with rear controls. Also, the final sense of 
the total normal force is in the same sense as the control force. Canards therefore 
are slightly more efficient in the use of lateral control forces. If the reader 
thinks that canards will automatically render the missile unstable he will note 
that the canard controlled missile has been drawn with the main lifting surfaces 
rather further aft to make the overall c.p. aft of the c.g. It is the position of 
the overall c.p. relative to the c.g. with the control surfaces centralised which 
is the stability criterion. 

Since canards appear to be superior to rear controls why do we find so many 
missiles with rear controls? Firstly, we shall see that with feedback instruments 
in a control system the static margin can be made zero or even negative whilst 
maintaining overall stability; so the difference in total normal force available 
can often be negligible. Secondly, there is the question of convenience in 
packaging as already mentioned which usually favours rear controls. Finally, and 
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this is probably the chief reason, the downwash from canards onto the main lifting 
surfaces can, in many configurations, nullify any attempt to control the missile 

in roll. A long thin missile suffers less in this respect than a short one. There 
are two ways around this problem. If the missile is a twist and steer one, the 
small front portion of the missile can be attached to the main body by means of a 
bearing which allows the rear body to rotate freely thus uncoupling the head from 
rolling moments induced in the wings. An alternative is to mount the wings on a 
collar which allows them to rotate comparatively freely around the bodv as already 
mentioned. 

Moving wtngs 

To use servos to move the main lifting surfaces and employ small fixed rear 
stabilising surfaces is unusual. There could be the rare occasion when the 

servos are most conveniently placed near the centre of the missile. For instance, 
if a medium range missile has two separate motors, a boost motor and a sustain 
motor, the former may occupy the whole of the rear end of the missile and the 
sustainer motor may occupy most of the remaining rear half of the body, discharging 
to atmosphere through two inclined nozzles. In such a case there is just no room 

to install servos at the rear. If the missile carries a homing head they cannot be 
placed at the front either. However the main reason for adopting this configuration 
would be, for a given lateral acceleration, to minimise the body incidence. If 

the propulsion system is a ram jet the air intake is likely to choke if the body 
incidence is large, say 15° or more. Alternatively, if the missile is a sea-skimmer 
with height control governed by a radio altimeter it may be necessary to specify a 
maximum body incidence. In Fig 3.4-7 the normal force from the wings for a given 
incidence is shown as half that due to wings, body and stabilising surfaces combined, 
a situation which is possible for fairly large fixed stabilising surfaces. If 

the distance of the c.p. of the wings forward of the c.g. is twice the static 

margin then the steady state body incidence is equal to the wing deflection, giving 
a total normal force three times the original normal force from the wings. In other 
words a wing deflection of 10° produces a body incidence of 10° resulting in a 

final wing tnetdence of 20°. However there are some distinct penalties involved 

in the use of moving wings. Clearly the servos will be appreciably larger to 

cope with the increased inertia of the load and the larger aerodynamic hinge 
moments. Also, it has already been demonstrated that moving wings are an inefficient 
way of producing a large normal force due to the small moment arm available. 

Owing to the fact that the whole bending moment at the wing root has to be taken 

by a shaft, the wing will have to be designed much thicker around the mid chord. 
This not only increases the structure weight but at supersonic speeds it will 
increase the drag, the pressure drag varying with the thickness-to-chord ratio 
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squared. It is desirable to make the centre section of the missile body square in 
cross section to eliminate a large wing-body gap when the wing is deflected; such 
a gap considerably reduces the generated normal force. And finally since the moment 
arm is small, the position of the c.g. is critical as a small shift will make an 
appreciable change in the control moment arm. Nevertheless, if the maximum g 
requirements are low and the speed is subsonic, such as for an anti-ship missile, 
the overall weight penalty may not be excessive if small moving wings are used. 


3.5 AERODYNAMIC POLAR CONTROL VERSUS CARTESIAN CONTROL 
The great majority of tactical missiles are required to have the same degree of 
manoeuvrability vertically and horizontally; this is why the conventional configura- 
tion is a cruciform one with two equal pairs of lifting surfaces and two pairs of 
control surfaces. If no form of roll control is required only two servos are 
necessary provided opposite control surfaces are linked together. If some form of 
roll control is required at least three servos are necessary and in practice four 
identical servos are usual. If only three were used and they were all the same 
size the two controlling only one fin each would be unnecessarily large. The 
advantage of adopting a twist and steer method of control is to be able to use only 
one pair of lifting surfaces and one pair of control surfaces. This cuts down 
weight and drag and such a configuration will certainly be advantageous for 
horizontal storage between decks of a ship or for launching under the wings of an 
aircraft. As an example of the drag bonus, about a half of the total drag of a 
conventional supersonic missile comes from the four wings and four control surfaces. 
Clearly there are advantages. The method of manoeuvring the missile is this. The 
$ command goes as a positive command to one control surface and a negative command 
to the other. This causes the missile to roll. The R command goes to both 
surfaces always as a positive demand. The intention is to make the response in roll 
so fast that the commands can be applied simultaneously which makes for simplicity. 
Nevertheless, manoeuvre cannot be so efficient and fast as with cartesian control. 
There is also a possibility that in certain situations the performance of a twist 
and steer system could be distinctly inferior to a cartesian one. Suppose in a 
surface to air system a target is approaching nearly head on. The missile has to 
pull very little g but if there is much noise in the system the missile could 
easily be rolling backwards and forwards through 180° or so because the target 
appears to be at 12 oclock and then 6 oclock. The effect on system accuracy is 
difficult to predict under such circumstances. Bloodhound is the well known example 
of polar control and the arguments for its adoption stem primarily from the choice 
of a ram jet for the propulsion motor. Now if two ram jets external to the main 
body are used there is room for only one pair of wings. At the time the air intakes 
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could accept only a small body incidence due to interference from the body so 
moving wings were adopted (1). These two wings are therefore used as ailerons and 
elevators at the same time and are controlled by separate servos; the word "elevons" 
is sometimes applied to such control surfaces. 

Best (2) has demonstrated some of the difficulties in ensuring a stable system 

with polar control used in a homing system, and in assessing the system performance. 
With cartesian control it is possible to resolve target and missile motion into 

two planes and to consider the pitch and yaw channels as independent two-dimensional 
problems. This simplification is not possible in the case of polar control; indeed 
the equations of motion which result are, in general, not susceptible to analysis. 
Detailed three-dimensional simulation has to be employed. Bearing in mind the 

fact that cartesian control must be a quicker method of moving laterally in any 

one direction and that analysis of the performance of cartesian systems is simpler 
it is understandable why the great majority of missile systems use this method. A 
later missile, Seadart, uses an integral ram jet with the air intake in the nose. 
Since there is no interference from the main body larger incidences can be accepted 
with such an arrangement. Moving wings are not necessary to reduce body incidence 
and therefore a conventional cruciform missile using cartesian control and rear 
control surfaces was adopted; it was considered that an integral ram jet was not 
feasible with Bloodhound. Clearly therefore, polar control is not feasible if roll 
position stabilisation is required; nor in the case of homers, if a high roll rate 
might disturb the homing head unduly. Since so few missiles use polar control it 

is clear that most designers do not consider the advantage in saving weight drag 

and space do not compensate for the loss of accuracy and speed of response. 


3.6 THRUST VECTOR CONTROL 
A completely different method of steering a missile is to alter the direction of 
the efflux from the propulsion motor and such a method is known as thrust vector 
control (TVC). This method of control is clearly not primarily dependant on the 
dynamic pressure of the atmosphere, but on the other hand it is inoperative after 
motor burn-out. It will be argued later that in many situations there are 
advantages in having a boost-coast velocity profile. ТҮС is therefore likely to 
have a limited application. The following situations make TVC essential or 
desirable: 
(a) It is essential to use TVC in the vertical launch phase of all inter-continental 
ballistic missiles as these missiles whose total weight is well over 90% fuel have 
to be launched extremely gradually to avoid dynamic loading.  Aerodynamic controls 
would be completely ineffective for some time and the missile would topple over 
due to a small inevitable thrust misalignment unless an attitude sensor and TVC 
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were used. 
(b) If a missile is separated some distance from its controller such as in the 
anti-tank system Swingfire and rapid gathering is required to achieve a short 
minimum range then it must be possible to manoeuvre the missile almost immediately 
after launch. 
(c) In a short range air-to-air missile, one may be trying to hit a fast crossing 
target with no aim-off and with a flight time of a few seconds. The exceptional 
manoeuvrability one can obtain with TVC would give the system a better coverage. 
(d) It can be argued that some systems would be cheaper and simpler if one 
launched vertically and then turned over rapidly, thus eliminating an expensive 
and heavy launcher. 
(e) Vertical launch followed by a rapid turnover is an attractive concept for 
missiles carried and launched from a vehicle; 360° arc of fire is obtainable, and 
storage and reloading is almost certainly facilitated. This is especially so for 
missiles launched from a ship. With a conventional trainable launcher there may 
be considerable blind arcs due to other equipment occupying part of the deck space. 
(f) Submarine launched missiles surfacing in different sea conditions may well 
need very early course correction. 
In order to appreciate the degree of manoeuvrability that can be achieved let us 
consider the requirement to turn the body of a missile through say 90° as soon as 
possible after launch i.e. when the missile speed is low. Aerodynamic forces will 
be small during this period and will be neglected in the following calculation. 
Fig 3.6-1 shows the forces acting on the missile if the thrust T is deflected 
through an angle y. 


FIG. 3.6-1 Forces due to thrust vectoring 


If for example the mass of the missile is 30 kg, the moment of inertia about the 
c.g. Жел КО т^ (both assumed constant), the thrust is 1500 N and the moment arm 
to is 0.35 m then for ү = 4° 
Pes T 1. Sin y/J З 
= -1500 x 0.35 x 0.07 = -36.8 rad/s 
Assuming it is necessary to bring the body to rest at the end of the turn the 
perfect control system will accelerate the body through 45° at maximum acceleration 
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and then apply full braking torque for the same time. On these slightly optimistic 
assumptions the time for a complete turn from rest to rest will be found to be 
about 0.4 seconds; and this is for a comparatively small thrust deflection. It 
should be noted that although the body has been turned through 90° the velocity 
vector will have been turned through a smaller angle. To turn the velocity vector 
through a given angle requires initially a body turn greater than this in order to 
destroy any momentum already gained in the original direction. The difference 
between a horizontal turn and one in the vertical plane is that in the latter case 
gravity helps to destroy the vertical component of momentum and therefore a tight 
turn is slightly easier in the vertical plane. 

There is, as with aerodynamic control, additional complication if roll control is 
required. Two ball and socket nozzles can produce a roll moment if they are 

moved differentially in one plane. Pitch and yaw control is obtained by moving 
them together in the desired plane each controlled by two servos. 


3.7 METHODS OF THRUST VECTORING 
As indicated in Fig 3.1-3 there are several methods of directing the thrust of a 
rocket motor and each method has advantages and disadvantages which may or may not 
recommend it for a particular application. 
Gimballed motors (Fig 3.7-1) 
When liquid propellants are used the fuel and oxidiser are fed under pressure to 
one or more combustion chambers and expanded to atmosphere through convergent- 
divergent nozzles. If the combustion chambers are mounted in gimbals and controlled 
in position by servos the direction of thrust can be controlled. If a pair are 
moved differentially some control in roll is also obtained. The method is essentially 
loss-free and the "loss" of axial thrust is merely a cosine effect which is inevitable. 
As yet largely due to their toxidity and the relative complexity of the overall 
propulsion system, liquid propellants are rarely used for tactical missiles despite 
their high specific impulse. If however it is necessary to programme the magnitude 
of the thrust, liquid propellants provide the only answer (e.g. Lance). 
Moving nozzles (Figs 3.7-2 and 3.7-3) 
If a solid propellant is used the next best thing to a gimballed motor is to 
preserve the smooth internal lines of a convergent-divergent nozzle by using a flex- 
ible nozzle or a ball and socket joint. In the former one attaches the nozzle to 
the motor case by means of a flexible rubber mounting which is very stiff axially 
but relatively compliant in the pitch and yaw planes. 19 of nozzle movement 
produces 1° of thrust deflection. This is a good method for thrust deflections of 
49-59 put large torques are required to move a nozzle much more than this; clearly 
the resistance to movement increases with angle. 
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FIG. 3.7-1 Gimballed motor 
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FIG. 3.7-2 Flextble nozzle FIG. 3.7-3 Ball and socket nozzle 
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CONTROL 
VALVE 


FIG. 3.7-6 Gas tnjectton 


Missile Control Methods 53 


An obvious method is to use a ball and socket joint with some form of low-friction 
seal; there will now be some coulomb friction but the actuation torque will not 
increase with angle. One of many types of thrust vector control package jointly 
developed by IMI Summerfield 
and Sperry Gyroscope is shown in 
Fig 3.7-7. . It was developed for 
a motor developing 20000N thrust 
and uses twin nozzles which can be 
independently moved in two planes, 
giving control in roll pitch and 
yaw. In general it has been 
found that + 15° nozzle deflection 
coupled with a separation distance 
of approximately one third the 
missile diameter is sufficient to 
cater for all roll moment require- 
ments. In this design the non- 
recirculating oil is pressurised 
from a high pressure helium bottle, 
and the servos are sufficiently 
powerful to enable aerodynamic 
control surfaces to be direct 
coupled to the same actuators, 
giving control during any coasting 
phase. An alternative scheme 
developed by the same firms is to 
use one ball and socket nozzle for 
pitch and yaw control and to use 
tangential thrusters for the 

FIG 3.7-7 180mm ТҮС Package control of roll. 
Interference methods (Figs 3.7-4 and 3.7-5) 
There are many methods of altering the momentum vector of a jet by inserting an 
obstruction in the stream. Since the flow is invariably supersonic shock waves 
are produced and this causes a rise in pressure and a loss in velocity.  Inter- 
ference methods are relatively crude and lossy, but have the advantage that very 
small moving parts are required and therefore the servos are small. Perhaps the 
oldest jet deflector is the moving vane as used in the German V2 in World War II. 
Many surface-to-surface missiles including the American Pershing have used vanes. 
There is a severe erosion problem of course due to the high gas temperature and 
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velocity. Graphite has been used and more recently tungsten and molybdenum. 

With two vanes nearly 24° vane angle is needed for 10° thrust deflection. Because 
the vanes are permanently in the jet stream about 8% of the thrust is lost with 
four vanes in the null position increasing to 20% with 20° incidence with two of 
the vanes. The erosion problem is exceptionally severe with propellants containing 
an appreciable quantity of aluminium. 

Another common method is the semaphore spoiler which the French have used on most 
of their anti-tank missiles. Very small servos are required. + 22° thrust 
deflection has been obtained with British designs but the axial thrust loss is 

not less than 1% per degree deflection. A small disadvantage of the semaphore 
spoiler is that the assembly must be housed around the nozzle exit, leading to 

a larger than normal missile base area. In the French anti-tank systems Hot and 
Milan only one spoiler is used. Guidance commands are in polar form; the R command 
determines the servo pulse width and the $ command is used to determine the 

phasing of the command with respect to the missile vertical position. The missile 
is deliberately rolled and carries a roll position gyroscope so that the missile 
roll orientation is always known. 

Injectton methods (Fig 3.7-6) 

The object of injecting a liquid or gas into the motor venturi is to obtain a 
sideways component of resultant thrust greater than venting radially outwards 
direct to atmosphere. Even if an augmentation of side-thrust is obtained the 
method fails if appreciable axial thrust losses result. Many firings have been 
conducted using different fluids suitable for tactical weapons. These have 

ranged from inert fluids like Freon to reactive fluids such as strontium perchlorate/ 
water solutions. The maximum jet deflection for an inert liquid system was 

found to be 4°, With reactive fluids the efficiency drops off rapidly beyond 4° 
jet deflection. An advantage of secondary fluid deflection is the simple low 

mass control system associated with it (3). Jet deflections of up to 12° have 

been obtained by injecting hot gas bled directly from the motor combustion chamber. 
This is potentially the simplest system of all but the prospect of controlling 
small quantities of this very hot dirty and erosive gas is not attractive! However 
the use of fluidic controllers has been suggested and interest in hot gas injection 
is being revived for short burn high impulse motors (3). 

Summarising, interference methods (especially semaphore spoilers) are attractive 
because the servos are small. They are strong contenders for short range missiles 
since the weight of propellant is not large and an increase of say 5-10% in the 
Propellant carried to make up for the thrust losses may not impose an overall 
weight penalty. Moving nozzles are very efficient but require more powerful 
servos. Two swivel nozzles can also provide roll control. At the present time 
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injection methods, if they are considered at all could be used only when very small 
deflection angles are adequate. 
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AERODYNAMIC DERIVATIVES AND 
AERODYNAMIC TRANSFER FUNCTIONS 


4.1 NOTATION AND CONVENTIONS 


CHAPTER 4 


The reference axis system standardised in the guided weapons industry is centred 
on the c.g. and fixed in the body as follows: 


x axis, called the 
exists, but in any case 

y axis, called the 
missile from behind. 

z axis, called the 
right handed orthogonal 
Table 4.1-1 defines the 
angular velocities, and 


Fig. 4.1-1. The moments of inertia about 0 are defined as: 


А = > 6m (уг + 22) 


В= х ôm (2° + x) 
С= х 6m (x2 + у2) 


The products of inertia are defined as: 


D = 2 6m yz 
E = 2 6m xz 
F = х 6m xy 


The yaw plane is the Oxy plane and the pitch plane is the Oxz plane. 


angles are defined: 


incidence plane 


бз. э D о 


roll axis, forwards, along the axis of symmetry if one 


in the plane of symmetry. 


pitch axis, outwards and to the right if viewing the 


yaw axis, downwards in the plane of symmetry to form a 
system with the other two. 
forces and moments acting on the missile, the linear and 
the moments of inertia; these quantities are shown in 


: incidence in the pitch plane. 
incidence in the yaw plane. 


angle. 


total incidence, such that: 


tan a 
and tan 8 


tan ө cos л 
tan ө sin л 
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The followi 


(4. 1-1) 
(4.1-2) 
(45153) 


(4.1-4) 
(4.1-5) 
(4.1-6) 

ng 
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TABLE 4.1-1 NOTATION 


x y 2 
аннан үөн 
Component of force acting 
On missile along each axis X Y A 
BE Ы ee 
Е ЖЫЛ ЫР. 
bero Cape "ERU СЕЕ 


Component of missile 
velocity along each axis 

Moments acting on missile 
about each axis 


Moments of inertia about 
each axis 


Products of inertia 


4. 
(NOTE: 0 IS CENTRE OF GRAVITY OF %» 
MISSILE ) 


FIG. 4.1-1 Force, moment, ete conventtons 
The reason why U, the missile velocity along the x axis is denoted by a capital 
letter is to emphasise that it is a large positive quantity changing at most only 
a few per cent per second. The angular rates and components of velocity along the 
pitch and yaw axes however, tend to be much smaller quantities which can be 
positive or negative and can have much larger rates of change. 
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4.2 EULER’S EQUATIONS OF MOTION FOR A RIGID BODY 
There are six equations of motion for a body with six degrees of freedom: three 
force equations and three moment equations. The equations are somewhat simpler if 
the mass is constant and the radii of gyration change slowly (1), in which case 
the "standard" Euler equations can be used. During boost the mass rate of change 
can be relatively fast but the radii of gyration usually change slowly. In the 
great majority of design calculations the standard equations are used. They are: 


m (Ú +qw - rv) = X (4.2-1) 
m (V + rU - pw) = Y (4.2-2) 
m (w - qÙ + pv) = 2 (4.2-3) 
АДЕ ЕС Ыр Ды Кр РЫ (4.2-4) 
Te Агро ЕС = 5) - F(qr + б) + D(pq - №) = M (4.2-5) 


СЁ - (А - В) ра + (д^ - p^) - D(rp + d) + E(qr - p) = М (4.2-6) 
The first equation does not really concern us; we are interested in the acceleration 
perpendicular to the velocity vector as this will result in a change in the velocity 
direction. In any case in order to determine the change in the forward speed we 
need to know the magnitude of the propulsive and drag forces. Now consider equation 
4.2-2. The term - mpw is saying that there is a force in the y direction due to 
incidence in pitch (a = w/U) and roll motion. In other words the pitching motion 

of the missile is coupled to the yawing motion on account of roll rate. The term 
mpv in equation 4.2-3 is also saying that yawing motion induces forces in the pitch 
plane if rolling motion is present. This is most undesirable as we require these 
two "channels" to be completely uncoupled. Ideally rudder movements should produce 
forces and moments in the yaw plane and result in yawing motion only; elevators 
should result in a manoeuvre in the pitch plane. Cross-coupling between the planes 
must contribute to system inaccuracy. To reduce these undesirable effects the 
designer tries to keep roll rates.as low as possible, and in a simplified analysis 
one usually neglects the terms pv and pw if roll rates are expected to be small 

and incidence (v and w are proportional to incidence) is not large. Nevertheless 
there is evidence that low roll rates (say 1-4 revs/s) can have a significant effect 
on system accuracy. If p = 20 say (approximately 3 revs/s), U = 300 and a = 0.1 
then w = 30, and the product pw in equation 4.2-2 is 600 m/s”. Without any auto- 
pilot or guidance feedback the roll rate would superimpose on the pitching motion 

a spiral motion of amplitude 600/р? = 1.5т radius. A higher roll rate produces a 
larger cross-coupled acceleration but tends to be attenuated in position due to 

the higher frequency. If an autopilot with acceleration feedback is used the 
effects will be reduced. In any case the guidance loop has a certain stiffness 
which will tend to reduce this effect; the missile does not fly open-loop. 
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Now consider the moment equations. Ideally these should read 

Ap = L; Bq = M; Cr = М 
i.e. moments about a given axis produce angular accelerations about that axis. 
All other terms in these equations are cross-coupling terms and are undesirable 
from the point of view of system accuracy. We note that three out of four of the 
cross-coupling terms in each equation disappear if the products of inertia are 
zero. All three products of inertia are zero if there are two axes of symmetry, 
and two will be zero and the third will be small if there is one axis of symmetry 
and the missile is reasonably symmetrical about another axis. With two planes of 
symmetry and a small roll rate therefore these equations reduce to: 


m (U + qw - rv) = X (4.2-7) 
m (v + rU) = ү (4,2-8) 
m (м - qU) =A (4.2-9) 
Ap | (4.2-10) 
Bq = М (4.2-11) 
Cr =N (4.2-12) 


The justification for neglecting the terms pq, pr, pv, pw is that the terms q, r, 
v and w are not large terms and if p is small then their products can be neglected. 
Equation 4.2-10 shows that there is zero coupling between the pitch and roll and 
yaw and roll motions if there are two axes of symmetry (B = C), and unless the 
missile is very unsymmetrical the cross-coupling should be weak. 
Nevertheless, even with a missile with two axes of symmetry, the principal moments 
of inertia about the pitch and yaw axes (B and C respectively) will be much greater 
than the moment of inertia about the roll axis (A). Moderate roll rates will 
certainly affect the accuracy of the system. This is considered in more detail in 
section 6.11. 

4.3 TRAJECTORY CONSIDERATIONS 
Before discussing how we obtain forces and moments on a missile in order to change 
its flight path direction some further thoughts on Euler's equations are perhaps 
advisable. Consider a particle with velocity U and acted upon by a force 
perpendicular to the velocity vector. There will be an acceleration f normal to 
the velocity vector given by 


f = ve R 

where R is the radius of turn 

and ve is the rate of turn of the velocity vector. 

Since YeR = U 

then f = 00 (4. 3-1) 
What then is the acceleration of a missile perpendicular to the flight path due to 
a force Y on the missile? It is logical to resolve the total force on a missile 
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into components perpendicular and along the flight path; the latter component will 
increase or decrease the speed of the missile but will not change its flight path. 
Due to the incidence g of the missile the component normal to the flight path is 
Y cos 8. Hence 

ppU = Y cos p/m = f (4.3-2) 
The other component of the Y force is Y sin 8 and is usually called induced drag 
and tends to reduce the speed of the missile. Since the Y force is approximately 
proportional to incidence it is clear that induced drag is approximately 
proportional to (incidence )¢. This is the main reason why designers usually aim 
to keep incidence low; 10°-15° is usually the upper limit. 
In addition, two other important forces have to be considered when computing the 
missile's trajectory. Firstly, the "zero incidence drag" X will act along the 
missile axis. There will be a component X, cos В which tends to reduce the speed 
and a component - X sin в normal to the velocity vector. Any propulsive force 
X5 has the converse effect. Hence, if the nett effect of propulsive force less 
total drag is to accelerate the missile, it is clear that the propulsion motor 
helps the missile to steer. If however the missile is coasting and has a longitudinal 
deceleration of 50 m/s say, and an incidence of 0.2 radians then the normal 
acceleration is reduced by approximately 10 п/52 due to the forward deceleration. 
When extreme manoeuvrability is required, say in a short range air-to-air system, 
it is common for the propulsion motor to provide a large boost (say 20g) for 4-5 
seconds. The normal forces resulting from incidence provided by the control system 
work together to produce maximum manoeuvrability. 
And finally what is the physical meaning of the terms v * rU and w - qU in 
equations 4.2-8 and 4.2-9. Clearly the flight path direction is the body direction 
plus the incidence angle. V and w are the incidence rates times U, and r and q 
are the body rates. Therefore these terms are the trajectory rates times U i.e. 
the normal accelerations, see equation 4.3-1. The reason for the change in signs 
in the two equations is that there is no absolute symmetry in a right-handed set 
of axes: This curious fact is also reflected in some of the pitch aerodynamic 
derivatives being of opposite sign to their yaw counterparts. The reader may 
note a cos 8 in equation 4.3-2 and no such term in equation 4.3-1. This is because 
our imaginary particle had a velocity U. In the missile case U is defined as the 
velocity along the x axis; its velocity in the direction of the velocity vector 
ISSUECOSSES 

4.4 CONTROL SURFACE CONVENTIONS 

Let the control surfaces be numbered as shown in Fig. 4.4-1. Deflections Бі» £55 
E32 &4 are defined as positive if clockwise looking outwards along the individual 
hinge axis. The following quantities are defined: 
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E 


FIG. 4.4-1 Control surfaces as seen from the rear of the missile 


Aileron deflection = 4 G + Ey + ES + £4) 
or h G aF 53) or 3 (£5 Р £4) 
if only two surfaces act differentially. 
“ Elevator deflection n = ACTUS £4) 
Rudder deflection z = à (E> - &4) 
The reader may wish to check that 
Positive aileron deflection produces an anti-clockwise moment about the x 
axis. 
Positive elevator deflection produces a -ve force in the z direction and an 
anti-clockwise moment about the y axis. 
Positive rudder deflection produces a +ve force in the y direction and a -ve 
moment about the z axis. 
4.5 AERODYNAMIC DERIVATIVES 
Aerodynamic derivatives are devices enabling control engineers to obtain transfer 
functions defining the response of a missile to aileron, elevator or rudder inputs. 
The method is not new; an analysis of the torque-speed characteristic of a 
hydraulic motor controlled by a piston valve reveals that the system is non-linear 
in that the output-input relationship is input amplitude dependant. Unfortunately 
there is no general solution to any non-linear differential equation. Yet we can 
make a fairly accurate estimate of performance, certainly from the stability 
aspect by linearising the equations and taking small perturbations about a given 
operating point to obtain the slopes of the curves. 
Consider now the graphs shown in Fig. 4.5-1, which show rolling moment Lie) as a 
function of aileron angle = for a particular cruciform missile with rear controls 
for sea level at М = 1.9. і is not a linear function of & for two reasons: 
(a) aileron effectiveness decreases with total incidence 6 
(b) for a given e, Le) is not a linear function of £, although the graph does at 


least pass through the origin. 


62 Guided Weapon Control Systems 


ТЕГЕ) 0-0% 
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FIG. 4.5-1 Atleron effectiveness as a functton of atleron angle 
LE is defined as: L 
Le = 6, where Е is in radians 
The incremental moment L due to a small increment ғ is therefore given by 


= ШЕ 

where the value of L; depends on the арена point. Bearing іп mind that in 
most applications £ is unlikely to exceed a few degrees we might reasonably regard 
Ly as a constant. 
ір is the damping derivative in roll and has dimensions of torque/unit roll rate. 
Since the torque will always oppose the roll motion its algebraic sign is invariably 
-ve. This derivative is often regarded as a constant for a given Mach number 
(or speed if subsonic) and operating height. There are no other important 
derivatives in roll. 
We now consider the pitch and yaw derivatives. The normal force on a body due to 
pitch incidence is usually expressed as: 

_ à рї SC, 
where p is the air density, S is a reference area, usually the maximum body cross- 
section and C, is called the normal force coefficient which is a function of 
incidence for a given Mach number and height. For a symmetrical missile the 
normal force coefficient Cy associated with incidence in yaw has the same value 
as C. The following derivatives are defined 

aC 


үй Л $'oU5crand 7. ved. 2 us 
“Жайт 2 SEP Е 


Aerodynamic Derivatives and Aerodynamic Transfer Functions 63 


It is important to note that these lateral force derivatives are calculated from 

the total force from the wings, body and control surfaces on the assumption that 

the control surfaces are in the central position. Most wings and control surfaces 

are designed to produce a normal force proportional to incidence (provided the 
incidence is not too large) but the normal force from a slender body includes a 

term proportional to incidence and another to (incidence )*. This effect is discernible 
for a typical supersonic missile with rear controls in Fig. 4.5-2. 


0 5 10 15 20 25 


FIG. 4.5-2 Normal force coefftcetent as a funetton of tnetdence 
There can also be variations of normal force with à (Fig 4.1-1) but for a given 
Mach number and height Yo and 7, are generally only weakly dependant on incidence. 
It is often convenient to divide these two derivatives by the missile velocity U; 
they then become X and 7, respectively. Since for small angles v/U = Вв апа w/U = а 
the following relationships hold: 
Lo Yab Byer ue Y,/U (4.5-1) 

and Zw = Zia i.e. 2, = 2 /U (4.5-2) 
Y is the force derivative due to rudder deflection. For canard controls this 
shows little variation with incidence but for rear controls there is usually a 
small loss of control force with incidence due to the downwash from the wings but 
this is rarely more than about 15% for body incidences 10° or so. It is important 
to note that if the body incidence is 8 and the rudder deflection is с then the 
actual rudder incidence is 8 * z; nevertheless the total force increment is not 
Yab + s (8 + с) but Y 38 + ret since the normal force due to the undeflected 
rudder has already been included in the estimation of Yee In some missiles the 
controls are mounted in line with the main lifting surfaces; in others they are 
set at 45° to the plane of the wings. These are often referred to as "interdigitated" 
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controls. If the body incidence is small there is some loss of lift at small 
angles of incidence due to downwash. If the controls are interdigitated this loss 
occurs at much larger angles of incidence. With in-line controls the effect of 
downwash tends to decrease at large angles of incidence say 15° or more. Hence 

we usually find that controls are interdigitated on missiles which are designed 

for low angles of incidence, such as missiles with ram jet propulsion and air 
intakes which do not perform well at large incidences, or sea skimming missiles 
with radio altimeters. 

NE is a difficult one. It is the lateral force derivative due to unit yaw rate. 

It is difficult to calculate, difficult to measure in a wind tunnel and fortunately 
turns out to be very small and not significant. 

Ny is the force derivative Ws times the distance of the c.p. from the c.g.; this 
distance is known as the static margin. It is essentially an aerodynamic stiffness 
term and is a measure of the stability of the missile. If the c.p. is behind the 
c.g. any perturbation of the missile in yaw incidence will result in an aerodynamic 
restoring moment. Conversely if the c.p. is in front of the c.g. any perturbation 
of the missile in incidence will induce more incidence; the missile is said to be 
statically unstable. Fig 4.5-3 shows the shift in c.p. for a typical supersonic 
missile with rear controls. 
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FIG. 4.5-8 Centre of pressure position as a function of Mach 
number and tnetdence (п = с = 0°; A = 0° on 90°) 
If the c.g. is about 50% of the length of the missile aft of the nose one would 


expect the c.p. to be typically 50-55% of the missile length aft of the nose. It 


Aerodynamic Derivatives and Aerodynamic Transfer Functions 65 


is seen that at subsonic speeds and very low supersonic speeds the c.p. tends to 
be rather more forward than at higher Mach numbers. Also, the changes in c.p. 
with incidence can be considerable at low speeds; this is mainly due to the general 
rearwards shift in the c.p. of the body with increasing incidence, the c.p. of the 
control surfaces and wings changing very little. Unfortunately, the position of 
the c.p. is also a function of the incidence plane angle л. For a symmetrical 
missile the picture is identical to Fig 4.5-3 for А = 0° and à = 90° but it is 
slightly different for à = 45° say. 
N. is the moment derivative due to rudder deflection and is uc times the distance 
of the c.p. of the rudder from the c.g. If T is sensibly constant then Қ. will 
vary only if the c.g. moves. 
М, is the damping derivative in yaw and is the aerodynamic moment per unit rate of 
yaw. It is a small term and is not sensitive to incidence. 
We have now discussed the main roll and yaw derivatives. There is another set for 
the pitch plane and for a symmetrical missile these will be identical in magnitude 
to the yaw derivatives. There are some changes in algebraic signs as we go from 
the yaw plane to the pitch plane but this is due to the essential assymetry of an 
orthogonal right-handed set of axes; this has already been noted in equations 
4.2-8 and 4.2-9. 
Fig 4.5-4 provides a useful general picture of how the force derivative for the 
body + wings + controls varies over a wide range of speeds. The missile is 
conventional in shape with low aspect-ratio wings. The actual values of С, will 
depend on the shape of the missile and the actual reference area selected. The 
assumption that normal force is proportional to incidence is seen to be a fair 
approximation especially at the higher speeds. 
For control purposes it is convenient to divide the force derivatives by the mass 
and the moment derivatives by the respective moment of inertia. It will be seen 
from Table 4,5-1 that with the exception of 2, Ур? Т, апа ny the derivatives 
are then in semi non-dimensional form, (Z, and y, are of no practical significance). 
" and Ny change sign for an unstable missile and M, and № are of opposite sign 
for canard controls. 

4.6 AERODYNAMIC TRANSFER FUNCTIONS 
At the commencement of a desk study design of a missile control system one must 
make certain assumptions. A traditional assumption is one of the linearity of the 
hardware i.e. the electronics, fin servos, instruments (if any) and the equations 
of motion. Indeed, as has already been remarked, linearity is a necessary constraint 
for one to use operator methods to analyse the system response. However, linearity 
of the equations of motion implies linearity of the aerodynamics - a defendable tenet 
when the concept of small perturbations is adhered to but on less certain grounds 
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NORMAL FORCE COEFFICIENT -Cz 


MACH NUMBER 


FIG. 4.5-4 Normal force coefficient as а funetton of Mach 
number and їпсїідепсе (n = 5 = 0°; A = 0° or 900) 


TABLE 4.5-1 ALGEBRAIC SIGNS AND DIMENSIONS 
OF THE MAIN AERODYNAMIC DERIVATIVES 


Symbol Semi non-dimensional 
, : ; form 
Algebraic Dimensions 


Roll — Pitch 


Z UO um 


usually 
usually 
-ve 
+ve 
-ve 
-ve 
-ve 
-ve 


< NX NXN 


у 
n 
5 
4 
r 


7 


“нон A eee 


3 3 535 
Ge о Sac 


when the missile is exercised through incidence changes of 20° or more and the 
attendant body rates are large. 
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The general method of designing a missile control system is this. One considers 
a typical speed (or Mach number if the missile is supersonic) and the height the 
missile will operate at. One can take a set of aerodynamic derivatives for zero 
incidence and design a control system on the assumption that the missile is 
exercised through small perturbations about zero incidence; in other words one 
regards the aerodynamic derivatives as constants within this small range. Since 
the control system is designed to meet a specification concerning steady state gain, 
bandwidth, phase lag and damping, we investigate the response as a function of 
frequency on these assumptions. We now look at the derivatives at 5° incidence 
(say) and the same calculations are carried out to see if the specification can 
be met with these new values of derivatives. The calcylations are repeated for 
as many combinations of incidence and roll angle as judgment deems advisable. 
And finally the missile may well have to operate over a range of speeds and 
heights. A representative number of these operating conditions is also tested. 
When one considers that the inertia, mass and position of the c.g. may vary due 
to propellant usage it is seen that the amount of detailed work involved in checking 
and possibly modifying the design can be considerable. The conclusion one draws on 
completion of this exercise is that if the design is satisfactory at all these 
points then it is satisfactory at all intermediate points. 
The linearised approach can now be taken further. The guidance and control systems 
can be put together on a relatively simple computer and a preliminary assessment 
of system performance can be made in one plane. The final simulation on a digital 
or hybrid computer will almost certainly programme one or two of the important 
derivatives as a function of incidence and will take note of any cross-coupling 
that may occur. 
We will now write down the control equations for a missile, omitting the force 
equation along the x axis as this neither affects the rell, pitch or yaw motion. 
We will also omit the gravity term and consider forces and moments which are purely 
of aerodynamic origin. The effect of gravity will be considered as a separate 
issue under autopilot design. Equations 4.2-8 to 4.2-12 can be written 

mf, = m (V + юй) = Ү = n А КЕР 


i.e. fy = ү + rU a Ey Б (4.6-1) 
из = m (wrenqU)°=.Z «Ам 744 + zn 
i.e. 15 -w-qU:- ZW + 244 + zn (4.6-2) 
Ap =L= LoP 4 Lie (assuming B = C) 
i.e. pio dp + teë (4.6-3) 
Bq =M= MW + МЧ + М 
ie. ^9 = mw + та + тп (4.6-4) 
Cr = № = ХУ + Мыр + N-z 


; М 64 * 4.6-5 
i.e. г Ven not nc ( ) 
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Roll rate/aileron p/é 
This is the simplest aerodynamic transfer function. Equation 4.6-3 can be rewritten: 


pts P = es 
15 = ШӘ 
or in the transfer function form Ee = — = "ES (4.6-6) 
where el ky can be regarded as a steady Gum gain and Я = 1/725 and can be 


regarded as an aerodynamic time constant. 
Lateral acceleration/rudder flt 
Equations 4.6-1 and 4.6-5 can be used to eliminate r and v to yield: 


2 
fy Угу ey Ses (пу, ny.) 
E 


а (4.6-7) 
Ss - (77 + n,)s EY Dos іп, 


The reader will notice that vie does not appear in this transfer function; it has 
already been remarked that it is a very small quantity and in this context it is 
usually omitted. Some consideration of the individual terms is worthwhile. 

Clearly rne + Un, ) is (the undamped natural frequency)? and is usually referred 
to as the weathercock frequency; it reflects the tendency for a stable missile 

to return to the unperturbed zero incidence position. If, for a moment, we regard 
the missile as a weathercock pinned at its c.g. then the undamped natural frequency 


is given by: 
a 2 _ the restoring moment/unit angular deflection 
n 77% qe EMOMENT: OT Tnerntiaxabout. egaa и 
( N UN 


ы See Un 
Uu ез у 
This does not agree with the expression given іп 4.6-7 since there is an extra 
term y mos This is not surprising since a missile is not pinned at its c.g. and 
we would expect to see additional moments opposing the motion of a body with six 
degrees of freedom. Nevertheless in most cases when the static margin is from 
2-5% of the missile length we find that іл, is at least twenty times the magnitude 
of Y fins 
Consider now a typical surface-to-air missile with rear controls whose main yaw 
derivatives for M = 1.4 and height 1500 m (U = 467 m/s) are: 
у, ny ve n. П, 
-2.74 0. 309 197 -534 -2.89 
The missile is 2 m long and C = 13.8 кат and m = 53 kg. Hence the static margin 
= КҮЛІ = nyC/y ym = 0.029m or about 1.5% of the length. Inserting the values for 
the derivatives in 4.6-7 we obtain: 
Ty _ 19752 + 570s - 467 (1460 - 60.8) 
б 


SO а жә сұ лает сын ЫЕ сс 
Ss (2.74 + 2,89)6 +°(7.9 +5144) 
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2 
Thus a. = 7.9 + 144 and ш = 12.4 rad/s; and we note ш 2 = п. The damping ratio 


u is given by Zuon = 2.74 + 2.89 and hence u = 0.23. This damping ratio incidentally 
will decrease as the square root of the air density and therefore can be very low 
at high altitudes; the damping terms vary with air density, and so do the force 
and moment terms, but the inertia remains the same. The steady state gain is 
- 467 x 1399/152 = - 4300. This means that if the aerodynamics were linear 0.1 
rad rudder deflection would produce a lateral acceleration in the -y direction of 
430 m/s i.e. about 43g. This appears to be а very high aerodynamic gain, but 
there is often a good reason for this as will be discussed under autopilot design. 
Now a second order response (surely the airframe is yet another example of a 
damped spring-mass system) is completely defined by the steady state gain, the 
undamped natural frequency and the damping ratio. What then is the sigificance 
of the extra two numerator terms? In the time domain all they can do is to 
define the initial values at t = 0+ (as opposed to the initial conditions at 
t = 0-). If we consider a unit step input then the lateral acceleration at 
t = 0+ is given by the force from the rudder only divided by the missile mass i.e. 
fy = Ye Hence the value at t 5 0+ is given by the coefficient of 52 in the 
numerator; the coefficient of s^ in the denominator is unity. This result and 
that for the initial value of the slope can be obtained from the initial value 
theorem. The numerator can be written: 
-655,000 (- .00030152 - .00087s + 1) 

this is: -655,000 (s/59.1 + 1)(-s/56.2 + 1) 
This is saying that in the frequency domain there are two zeros, one non-minimum 
phase, of about the same value, whose phase contribution will approximately cancel 
over a range of frequencies but whose amplitude. contribution will become reckonable 
in the range 60 rad/s and above. These terms can be a nuisance in an autopilot 
design as they prevent the continuous attenuation with frequency associated with 
a simple second order system. The reason is obvious; all the time the rudder is 
moving there will be a lateral acceleration whatever the frequency. 
What happens if we take the controls to the front of the missile and move the 
wings back so that the position of the c.p. remains unchanged? Assume all 
aerodynamic derivatives are unchanged numerically; there will be a change in the 
algebraic sign of n. i.e. it is now *ve. This will have the effect of changing 
one term in the numerator from -467 (1460 - 60.8) to -467 (-1460 - 60.8) = 710,000. 
The steady state gain is now 710, 000/152 = 4670 an increase of about 9%. The 
reason for the change in algebraic sign of the steady state gain is due to the 
fact that +уе canard rudder deflection produces +ve incidence. The reason for 
the increase in gain is due to the fact that canards, wings and body are all 
producing normal force in the same sense. Figures 4.6-1 (a) and (b) show the 
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time response for fy? for a step rudder input for the tail controlled missile 
compared with a similar missile with canards. For convenience of comparison both 
responses are regarded as +ve. 


t 1 


AXA Kme 1 sec time 


(a) Rear controls (b) Canard controls 


FIG. 4.6-1 Lateral acceleration for a step rudder input 
Finally, consider the original rear controlled missile whose c.g. has moved forward 
slightly to increase the small static margin by a factor of four. The steady state 
gain is decreased approximately by a factor of four, the weathercock frequency is 
doubled and the damping ratio is halved. The significance of the static margin 
should now be apparent. A large static margin results in: 
(a) a small steady state gain 
(b) a high weathercock frequency 
(c) a very low damping ratio. 
A small static margin results in: 
(a) a large steady state gain 
(b) a low weathercock frequency 
(c) a low or moderate damping ratio. 
It follows therefore that the position of the c.p. and the c.g. are of vital interest 
to the missile control system designer. 
For a symmetrical missile the transfer function Р/т must be essentially the same 
as for ғу/. There are some changes in sign however. For instance +ve rear 
elevator deflection eventually produces acceleration in the +ve z direction. 
Rate of change of flight path/rudder Vey/t 
Flight path rate and lateral acceleration are essentially the same things. There 
is a difference in scale only. To obtain flight path rate we divide Ғ by U. 
Strictly speaking we also multiply by the cosine of the missile incidence. 
Body rate/rudder r/z 
To obtain this transfer function v must be eliminated from equations 4.6-1 and 
4.6-5 to yield: 
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d fies UR od ny, US 
s - (y, + ШЕ Sy nre іп, 
If опе compares this with 4.6-7 one sees that the undamped natural frequency and 
the damping ratio are the same; indeed, flight path rate, lateral acceleration, 
body rate and incidence are all oscillatory modes of the missile and these modes 
are identical in frequency and damping. Only the initial values and slopes and 
steady state gains are different. Using the same set of aerodynamic derivatives 
the steady state gain is therefore - 1399/152 = -92 which is the same as that for 
Фғу/ 5: Body rate has the same steady state value as flight path rate. What then 
is the essential difference between body rate and flight path rate? Consider the 
numerator in equation 4.6-8 which can be written 


У (пу, С пуу) (15 +1) 


where Ti is usually called the incidence lag (most confusing!) and has the value: 
1 
jane 2 T E (4.6-9) 
i - ER + ny, um (T - n/n yy) 
Ж 1 Uy NE 
= VU EY ^. = .365 seconds 


where Le is the distance from the c.g. to the c.p. of the rudder and x* is the 


exl 


static margin. 

It is seen that, for a given missile this time constant increases with altitude 

and increases if the speed falls. It tends to be a large time constant and 

typically varies from 0.25 to 2 s. Neglecting the small numerator terms in the 
transfer function for flt the approximate relationship between lateral acceleration, 
flight path rate and body rate is shown in Fig. 4.6-2. 


FIG. 4.6-2 The approximate relationship between 
lateral acceleration, flight path rate and body rate 


It is useful to regard body rate as phase advanced flight path rate; or to a 
different scale body rate is phase advanced lateral acceleration. This is the 
reason why feedback from a rate gyro in an autopilot whether it is employed in an 
aircraft, helicopter or guided missile tends to damp the weathercock mode; it 
contains a powerful derivative term. Figure 4.6-3 shows body rate for a step 
rudder input for the previous missile with rear controls. 


G.W.C.S.—F 
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FIG. 4.6-8 Body rate for a step rudder input 
The concept of body rate and flight path rate can be confusing. Consider Fig. 4.6-4(a). 
A missile is flying straight and the rudder is suddenly deflected as shown. In 
Fig. 4.6-4(b) the missile is shown having turned with a steady state incidence 


equal to Vimy - Vey: If the incidence is constant then the body rate must be equal 
incidence 
U flight 
direction 


(a) (b) 


FIG. 4.6-4 Flight path direction lags behind body direction 
to the flight path rate; and yet in the same time the angle the body has turned 
through has been greater than the change in flight path angle. The explanation of 
this is that during the transient period when the body incidence was building up 
from zero the body rate must have been faster than the flight path rate. How else 
could it have got ahead? In other words during the transient period body rate was 
equal to flight path rate plus its differential times a constant. 
Body incidence/rudder ß/g 
To obtain this transfer function the substitution 8 = v/U is made and r is eliminated 
in the same two equations as before to yield: 


(ys - n,U - y,n,)/U 
LM (4.6-10) 
57 - ТУ? + ns + yona іп, 


The denominator has not changed of course. Тһе numerator term in "s" is insignificant 
and the steady state gain is 3.52 rad/rad i.e. 1° rudder will produce 3.520 body 
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incidence in the steady state. This is obtained by having a powerful rudder with 
a long moment arm and a small static margin. Figure 4.6-5 shows the incidence 
response of the missile to a unit step rudder input. This is indistinguishable 
from a simple second order response. 


ale 


1 sec time 


FIG. 4.6-5 Body tnetdence for a step rudder input 

4.7 ALTITUDE AND SPEED CONVERSION FACTORS 
Subsonic conditions 
Supposing aerodynamic derivatives are given for standard conditions at sea level 
and for a given speed say 100m/s. How do we convert a given derivative to say 
150 m/s and a given height? Neglecting any effects due to Reynolds Number which 
are DU small or very small we can say that all normal forces are proportional 
to pU? /2. Therefore the force derivative s and the moment derivatives №. апа М. 
аге very simply converted by the ratio Eus /og U 12; However Ny and ТҮ must be 
approached with caution remembering that Үз is the lateral force developed per unit 
side-slip velocity and that 8 = v/U. 

Actual force = Yo В = is у i.e. Yy=Yg/V 


Hence, if we know Тұ for one condition we multiply it by о0/о QU, (not the square 
of the velocities). The same goes for №. 
Supersonic conditions 
In supersonic conditions Mach number is now an independent variable i.e. normal 
force is now a function of M and proportional to pU^/2. For a given M: 
Normal force « oU /2 = oM a? /2 vidis a is ре speed of sound 
р а ) 


с —— --- 


Хт-р,а M 
Og % 250-0 
Table 4.7-] shows conversion factors for the main derivatives on the assumption 
that we know them for a given Mach number at sea level. 
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TABLE 4.7-1 ALTITUDE CONVERSION FACTORS FOR 
AERODYNAMIC DERIVATIVES FOR A GIVEN MACH NUMBER 


Altitude Values of factors at altitude (m) 
Derivatives Conversion 
Factor 5000 10000 15,000 20,000 


1.0 0.567 0.296 0275355 0.0615 


0.536 0.262 0.1168 0.0531 


*Likewise for the corresponding pitch derivatives. 


4.8 AERODYNAMIC DERIVATIVES WITH TVC 
How do the aerodynamic derivatives of missiles using TVC differ from those of a 
missile using aerodynamic control? Firstly the main lifting surfaces will 
probably be moved slightly to the rear and the use of rear stabilising surfaces 
will be dispensed with. The following derivatives can still be estimated in the 
same way as for aerodynamic control: Lp? Үү» Nye Nie Z My? Ма For Y. and 7, 
we substitute the normal force/unit thrust deflection. Since we have made small 
angle approximations throughout this is simply the value of the thrust itself. 
Values for N. and М automatically follow. If two swivel nozzles are used for 
roll control then the value of Le is the thrust from one nozzle times the centre 
line distance from nozzle to nozzle. 
However, it is instructive to compare the rudder and elevator sideforce control 
derivatives Yz or = for a surface to air missile with a conventional shape 
similar to that shown in Fig 3.4-4. With a body diameter of 18.5 cm, the 
coefficient of drag Са based on а body cross-section (S) of 0.0269 me is 0.32 
at subsonic speeds well below M = 1, rising to 0.70 for М = 1.1, 0.62 for M = 1.3 
and 0.52 for M= 1.9. An average value for Y. is 15,000 for M - 1.9 and is, to 
a first approximation, proportional to (ѕрееа)2. The mass will vary during flight 
of course but for ease of comparison assume it remains constant at 65 kg. The 
sustain thrust ШЕ is given by з 


T, 23 oU SC 


d 
Some comparative figures are shown in Table 4.8-1. 


TABLE 4.8-] SIDEFORCE VALUES - TVC COMPARED WITH THE USE OF RUDDERS 


Speed at sea level (M) Бараат 
Boosting at 40g Sustaining Control Ше) 

0.7 20,400 299 2,540 

a 20 ,400 1620 6,280 

1.9 20,400 2870 15,000 
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Although comparisons will vary from missile to missile, the general conclusions 
are clear: the sideforce/unit deflection is very large when a motor is boosting 
at a high g, but is very low indeed when sustaining subsonically. Even so, this 
may just be sufficient for systems designed to hit slow moving targets, say anti- 
tank systems. More agile systems using TVC in the boost stage may require, in 
addition, aerodynamic control surfaces connected to the TVC servos. 
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CHAPTER 5 
MISSILE INSTRUMENTS 


5.1 INTRODUCTION 
Most closed loop systems incorporate an instrument (or transducer as they are often 
called) to measure the system states. The output from the transducer is usually a 
voltage and this is readily compared with the input or reference if this also 
exists as a voltage. Obvious examples are potentiometers and tachogenerators to 
monitor the position and speed of a shaft. Consider now any aspect of the motion of 
a missile through space. Forces and moments will produce accelerations and hence 
velocities and displacements with respect to the earth; or, as is often stated with 
respect to inertial space. If we wish to make a closed loop system of controlling 
the motion of a missile then instruments will be required to measure accelerations, 
velocities and displacements in space. Clearly, conventional potentiometers and 
tachogenerators do not do this. Instead, accelerometers, rate gyros and position 
gyros are used. It is usual to call a system comprising missile fin or thrust 
vector servos, an airframe, instruments and any electronics and networks necessary 
to close the loop an "autopilot"; but this nomenclature is not universal. In this 
chapter, relatively cheap instruments which are used in short and medium range 
missiles are discussed. The very sophisticated instruments used in inertial 
navigation and inertially guided missiles are not discussed since this forms part 
of a completely different subject which is outside the scope of this book. 


5.2 ELEMENTARY THEORY OF GYROSCOPES 
We all know that if a heavy rotor is suspended in a set of friction-free bearings 
and is spun up it tends to maintain its spin axis in the same direction in space. 
We realise that if the gyro is moved to another point on the earth's surface it 
will appear to point in another direction due to the curvature of the earth's 
surface. Also, its spin axis will appear to change in direction due to the 
rotation of the earth. Since we are interested in times of flight typically of 
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10-20 seconds and very occasionally up to about 100 seconds, the distances and 
times involved result in these effects being negligible. 
Unfortunately the spin direction will wander due to unwanted moments acting on 
the suspended mass. Consider now a body of polar moment of inertia J spinning at 
a rate w in the direction shown in Fig 5.2-1. 


m 
sH 


FIG. 5.2-1 Angular momentum shown as a vector 
Angular velocity and angular momentum are both represented by a line perpendicular 
to the plane of the spin and a right handed corkscrew convention is used. If now 
a moment is applied in the plane of the spin (i.e. about the spin axis) the 
angular momentum changes magnitude but its direction is unaltered. Suppose a moment 
T is applied for a short time 5t at right angles to the spin vector as shown in 
Fig 5.222. 


24 T 6t 


Jw=H 


FIG. 5.2-2 Precesston of rotating body 
If the body rotates through $6 then Tôt must equal the change in angular momentum. 
If we denote angular momentum Jo - H, then 


H8 = Tét 
and in the limit Vd (5.2-1) 


This change in direction of the spin vector is usually known as precession and it 
is now clear that if it is to be small moments must be kept small; a large 

angular momentum is an advantage. 

Now consider three mutually perpendicular axes ox, oy and oz. If H is along ox 
(i.e. in'the plane yz), and the moment is applied about oy (i.e. in the plane xz), 
then precession will occur about oz (i.e. in the plane xy). Equally we can say 
that if a body is spinning about ox and is forcibly made to precess about oz then 

a torque reaction will occur about oy. And finally, it is now obvious that in the 
absence of any moments about oy and oz the body will not precess but will remain 
spinning in the same direction. Before looking at constructional details two other 
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mechanical phenomena are worthy of note. 

Consider now a body of mass m suspended between two points such that the stiffness 
of suspension through the centroid and perpendicular to one principal axis yy is Sy 
and about the other principal axis zz is 52 If а force Р acts оп the body through 
the centroid perpendicular to yy then the deflection is Р/5, and is in the same 
direction as P. Similarly if a force Q acts perpendicular to zz then the deflection 
is in the same direction as Q and is equal to 0/5.» see Fig 5.2-3. If now these 


TOTAL 
DEFLECTION 


FIG. 5.2-3 Deflectton due to antsoelasttctty 
two forces act together then the angle ө that the combined force В makes with the 
ZZ axis is given by 
tan ө = Q/P (5.2-2) 
The angle 8 that the deflection makes with this axis is however: 


р 
tan в = ж; (5. 2-3) 


and these two angles are equal only if Sm Sy The general condition therefore is 
for deflections not to be in the same direction as the force. The deflection has 
two components, one in the same direction as the applied force and one perpendicular 
to it. Call this latter component ^. The moment about the centroid is therefore 

RA and since ^ о В, the moment о RÊ. If the sense of R is reversed the sense of A 
is also reversed and therefore the sense of the moment is unaltered. An example 

of a reversing force is the inertia force due to vibration. In other words the 
effect of an oscillating force is to precess a gyro if its suspension is not equally 
stiff about the two principal axes. Gyro designers say that "anisoelasticity 
rectifies the effect of vibration". A partial answer to this problem is to make 

the suspension as stiff as possible but the perfect design has the two principal 
axes equally stiff; it is then found that it is equally stiff in all directions. In 
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practice most gyros used in tactical missiles will have a wander rate proportional 
to g due to anisoelasticity. Finally, the phenomena of nutation must be mentioned. 
Nutation is a free oscillation of a gyro rotor in its gimbals and the frequency can 
be determined by setting the external moments to zero. The inner gimbal is at an 
angle Ө to the orthogonal position. Assume the angular momentum Н of the rotor is 
constant. Let the inertia of the rotor plus inner gimbal about oy be Jy and the 
rotor plus both gimbals about oz be Jos see Fig 5.2-4. 


FIG. 5.2-4 Rotor rotating tn gimbals 


There are no external torques acting on the gimbals so we can write: 
Toy = 0 = Ју09у - Н cos 6 Q, (5.2-4) 
and T», = 0 = J,Do, + Н cos ө y (5.2-5) 
It will be noted that any small damping torques have been ignored. Equation 5.2-5 
can be differentiated to read: 
- Day = дда, /Н cos 0 
and this value for Do, can be substituted in equation 5.2-4 to yield: 


y 
2 Jy J, uis 
(D xod 1)a, = 0 .2- 
Н cos” 6 г 
and hence the nutation frequency o, = Маи Ie ш та. (5.2-7) 


“dy Т, ҮТ, 7, 

where J is the rotational inertia as before. If the rotor is a sphere then Jy must 
be more than J and J, must be more than Jy. In practice one will find that the 
nutation frequency for 6 = 0 is about 70% of the rotational frequency. If now the 
rotor speed is 24000 rev/min then the nutation frequency is likely to be about 

0.7 x 400 = 280 Hz. Fundamental bending modes of missiles 6m long are likely to be 
around 25 Hz and 100 Hz for small missiles about Im long. It is essential that 
this mode of oscillation is not excited. Hence it is desirable to keep the rotor 
speed as high as possible and to avoid large values of 6. 
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5.3 FREE OR POSITION GYROS 


The simplest position gyro has three degrees of freedom and is often called a 
"free" gyro. It consists of a heavy rotor spinning at a high speed in a light 
framework called a gimbal. This gimbal is supported in bearings in another gimbal 
ideally at right angles to the spin axis. Figs 5.3-1 to 5.3-3 show three 
alternative orientations of a position gyro. If one angular position transducer 
detects relative movement between the missile frame and outer gimbal, and another 
the relative movement between the two gimbals, then it is possible with one free 
gyro to measure two angular rotations of the missile. If three angular rotations 
have to be measured then two such gyros are required. It is important to note 
that the vehicle can have unlimited freedom to rotate about the outer gimbal axis 
and will always have unlimited angular freedom about the gyro spin axis without 
impairing the original orthogonal nature of the three axes. Consider now the roll 
and pitch gyro in the configuration shown in Fig 5.3-1. Тһе missile can clearly 
yaw as much as it likes with the result that the gimbal framework merely rotates 
about the gyro spin axis. Also the missile can have unlimited movement about the 
roll axis. In both cases the two sets of gimbals remain orthogonal and pitch and 
roll outputs are correctly measured. However any pitch motion of the missile will 
tend to bring the two sets of gimbals into the same plane; 90° of pitch will mean 
that if, in this position, the missile now yaws, it will take the gyro spin axis 
with it, as one of the degrees of freedom has been destroyed. This phenomenon is 
called "toppling". Spin about one axis and enforced precession about another will 
result in an angular acceleration about the third axis. If a missile carries two 
free gyros then it cannot have unlimited angular freedom in more than one 
direction. Since the angular momentum H is a large quantity, even a slow enforced 
precession will result in a large gyroscopic reaction and hence large angular 
acceleration; in any case the gyro reference direction is destroyed. 

The question is now asked, if the vehicle frame rotates such that the original 
vehicle x, y and z axes cease to coincide with the gimbal axes, do the angles 

as indicated by the pick-offs still indicate the correct vehicle rotations? 
Reference is made to Fig 5.3-2. The missile can clearly roll about the x axis 
without in any way altering the essential geometry of the system; it is merely 
rotating about the spinning gyro. Also rotation of the missile about the y axis 
or the z axis does not affect the accuracy of measurement provided these two 
rotations do not occur together. Assuming now that the rotor does not wander let 
the missile yaw through an angle y and then rotate through Ө about its own pitch 
axis. What is the rotation of the outer gimbal relative to the missile framework 
as this will be the indicated yaw angle j' and what is the relative movement 
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between inner and outer gimbals 6' as this will be the measured pitch? Resolving 
these angular movements gives this result 
sin 6' = sin Ө cos ф (5.3-1) 

and tan y' = sec ө tan ү (5.3-2) 
Despite the apparent symmetry of the axes, these two equations are not similar. 
Suppose 0 = y = 30°. These two equations tell us that the indicated pitch angle 
is 253° and the indicated yaw angle is 333°. The same argument applies to the 
measurement of missile roll. One can see from Figs 5.3-1 and 5.3-3 that there 
are two possible orientations of the spin axis if one is interested in roll only, 
and depending on the anticipated subsequent missile motions one may be preferable 
to the other since the distortion of measurement is less. This gimbal distortion 
is one cause of phasing error in command systems as we shall see later. A method 
to overcome this distortion is to sense when the inner gimbal is not orthogonal 
to the outer gimbal. If the arrangement shown in Fig 5.3-1 is used, any missile 
pitch movement will result in the inner and outer gimbals no longer being at 
right angles. If torque motors apply a moment of the correct sense to the outer 
gimbal about the roll axis the gyro will precess about the pitch axis until the 
error angle is zero. In this way the gyro axis is always at right angles to the 
missile fore and aft axis. 
Precision miniature ball bearings are normally used for the suspension of all three 
axes. Free gyros designed to run for long periods usually have air bearings to 
support the rotor but these are not a feature of gyros used for missiles with 
short times of flight. The rotors can be blast started and then allowed to 
coast. This method is obviously suitable for use in systems which are required 
to have a short total reaction time such as anti-tank, air-to-air, and short range 
surface-to-air systems. If compressed air is used as the power source for the 
missile servos then two symmetrically placed jets can be made to impinge on Pelton 
wheel-like buckets machined around the rotor. A rotor can be spun up to 60,000 
revs/min in half a second in this way. If, as is usual, the reference direction 
is required to be the direction at launch then the two gimbals must be uncaged 
immediately after the rotor is spun up. Some sort of delay mechanism is necessary. 
If the missile servos do not use compressed air then it is usual to blast start 
‘the rotor by means of a small separate charge of cordite. Another time delay is 
necessary to allow the gyros to run up before the main rocket motor is ignited. 
Missiles with times of flight of more than about 40 seconds have electrically 
driven gyros. Hysteresis motors are suitable since they have the characteristic 
of deyeloping full torque from standstill up to synchronous speed. If a 400 Hz 
supply is available then the maximum rotor speed is 24,000 revs/min. A typical 
run-up time is about 20 seconds but this can be reduced to about 6 seconds if an 
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initial over-driving technique is used. Motors are designed inside-out with an 
inner stator and an outside rotor. Fig 5.3-4 shows a typical blast started 
position gyro fitted with one potentiometer and weighing 255 grams. 
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FIG. 5.3-4 Blast started position gyro 
Consider now some causes of wander rates. The following particulars apply to a 
blast started position gyro: 


Initial wheel speed: 20,000 rey/min 
Wheel speed after 33 seconds: > 75% of original speed 
Weight: 0.35 kg 


It is difficult to be specific about drift rates unless the environment can be 
defined more or less exactly. They could easily be less than 0.05°/second but 
could approach about 0.25°/second if the missile is rotating at a mean speed of 
3 revs/second as the friction torques from one set of bearings will be unidirectional. 
Also drift rates could greatly exceed 0. 059 /second during high g such as the boost 
period. Other causes of drift are torques from slip rings, potentiometer wipers 
and from motor leads if the rotor is electrically driven. A two axis blast 
started gyro of this quality will cost about £200 at 1979 prices. Conventional 
gyros with lower drift rates are usually bigger and will certainly cost more. A 
drift rate of 1°/minute is typical of a really good gyro used in a medium range 
missile with a flight time of about 100 seconds. 


5.4 RATE OR CONSTRAINED GYROS 
The great majority of rate gyros measure angular rate about one axis. A rotor is 
mounted in a gimbal whose motion about an axis at right angles to the spin axis is 
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constrained by a torsion bar or friction-free spring system. There are no other 
gimbals so the rotor has one degree of freedom only about its own spin axis. Figs 
5.4-1 and 5.4-2 show the mode of operation and some constructional details of a 
high performance single axis rate gyro. The cylindrical gimbal is enclosed in a 
hermetically sealed outer case and the gap between them is filled with viscous 
fluid in which the gimbal is floated with neutral buoyancy. The fluid provides 
viscous shear damping, minimal pivot friction and protection from shock. Define: 
k = torsion bar stiffness 
= angular twist in the torsion bar 
= angular momentum of the rotor 


g 
= viscous damping coefficient 


В 

H 

J. = total inertia about the torsion bar axis 

f 

Q = rate of turn of missile about the input axis 

If now the missile rotates about the spin axis no reaction of any sort is set up. 
If a steady rotation about the torsion bar axis occurs the rotor is constrained 
to precess at this rate also and the gyroscopic torque will have to come from 
direct shear of the pivot at one end and direct shear of the torsion bar at the 
other. If however the missile rotates about the "input axis" as indicated then 
precession of the rotor will occur at the expense of torsion set up in the torsion 
bar, and in the steady state the angle of twist will be proportional to the input 
rate. Equating torques about the torsion bar axis we һауе: 


J рёв + fD8 + Кв = gyroscopic torque = HQ 


g 
Hence 2 = ee (5.4-1) 
S o + 2us/w, + 1 
where where K/Jg = ц апа 2ы/ш = f/k 


This is an example of a limited gain-bandwidth product. For a given H high gain 
is obtained by having a compliant torsion bar, but this only lowers the frequency 
response of the instrument i.e. one can have a high gain or high bandwidth but not 
both. For most guided missile applications a high natural frequency is desirable, 
usually of the order of 80 Hz or more, so a stiff torsion bar and low d.c. gain 
must be accepted. If, for instance ae 500 rad/s then К/Ј = 5002. If the rotor 
speed is 24,000 rev/min i.e. 8007 rad/s and assuming the rotor inertia is 
approximately equal to the gimbal inertia then the d.c. gain from equation 5.4-1 is 
given by: Pa 

W ш 800т 
p E ema .01 rad/rad/s (5.4-2) 
If the maximum input is 4 radians/second then the maximum output is 0.04 radians 
or just over 29. This is why the majority of rate gyros have a.c. pick-offs for 


measuring these small angular movements. The one illustrated is a linear variable 
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FIG. 5.4-1 Mode of operation of rate gyroscope 
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FIG. 5.4-2 Some constructional detatls of a rate gyroscope 
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differential transformer often called an "E type" pick-off. If one requires a 
really accurate rate gyro a small angular movement is essential since any displace- 
ment of the spin axis will result in the sensitive axis being displaced by the 
same amount and hence cross coupling from rates in a plane at right angles to the 
nominal one will occur. 

Very good resolution and linearity can be obtained with rate gyros but to reduce 
bias over a wide range of operating temperatures to much less than + 2% of full 
scale calls for much skill on the part of the instrument designer (1). Rate 
gyros, like position gyros, can be blast started or electrically driven. If 
blast started and allowed to coast a continuous loss of gain with time must be 
accepted but if the instrument is required for autopilot damping some 20% loss of 
gain would not be critical. One gas fired rate gyro weighing only 130 grams costs 
about £100. Conversely a really high performance miniature two axis rate gyro 
which together with an electronic module provides two d.c. outputs corresponding 
to rate inputs about two orthogonal axes is made by British Aerospace and weighs 
56 grams plus 36 grams for the electronics. This sub miniature transducer has 

a wide dynamic range with excellent resolution and low bias. The operation of 

the sensor depends on the gyroscopic forces acting on fluid revolving about an 
axis at high speed. Such a package would be ideal for stabilisation purposes in 
certain homing heads. 


5.5 ACCELEROMETERS 
There are three types of linear accelerometer in common use: 
(a) Spring-mass accelerometers usually called seismic mass accelerometers 
(b) Piezo-electric accelerometers 
(c) Force-balance accelerometers 
Type (b) exhibit an electric charge across two faces proportional to the impressed 
force and hence acceleration but need a special charge amplifier if low frequency 
accelerations are to be recorded. Type (c) is really a more accurate spring-mass 
accelerometer and is used when great accuracy is required. Type (a) is the 
type most often employed in tactical missiles and consists of a mass suspended in 
a case by a low hysteresis spring; fluid damping is generally used. The force and 
hence deflection of the spring must be proportional to the acceleration and the 
design is such that there is one sensitive axis only with very little cross- 
coupling, although there are some designs with a more complicated suspension and 
two pick-offs so that two orthogonal accelerations can be measured. However, as 
the system is a conventional spring-mass arrangement there is a second order lag 
involved as with the rate gyro; a.c. pick-offs similar to those used with rate 
gyros measure displacement with respect to the case. Undamped natural frequencies 
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in the range 80-100 Hz are typical. Again linearity and high resolution are 
comparatively easy to achieve, but to guarantee a bias much less than about + 2% ` 
of full scale deflection under conditions of vibration, rough usage and wide 

ranges in temperature is not easy. Accelerometers for tactical missiles are likely 
to cost from £60-£250 depending on specification. Some two axis accelerometer 
details are shown in Fig 5.5-1. 


5.6 RESOLVERS 
In situations where the guidance is on the ground and the missile is not roll- 
position stabilised it is necessary to resolve the two guidance commands (i.e. 
"up-down" and "left-right") into freely rolling missile axes. Suppose the 
guidance demand up-down in Vy and the missile was launched with the elevators 
horizontal but has since rolled anti-clockwise through an angle $. If the 
elevator servos receive ^a command proportional to V cos ф and the rudder servos 
receive a command proportional to “Vy sin ф, the missile will manoeuvre upwards 
always assuming that the aerodynamics are linear and the control surface movements 
are proportional to the input command. The induction resolver consists of a rotor 
and a stator, each with two windings whose electrical axes are at 90° to each other. 
The secondary voltages which result are proportional to the sine and cosine of 
the shaft angle. We therefore hold the rotor stationary in space by means of a 
roll gyro and allow the stator to rotate with the missile. The left-right guidance 
signal is applied to the other primary winding. The resulting relative voltages 
and forces from this arrangement are shown diagramatically in Fig 5.6-1. There are 
coupling factors between primary and secondary windings which are normally the 
same for each winding. 
An alternative resolver using d.c. is shown in Fig 5.6-2. If the up-down guidance 
command is Vy and the left-right command is V5 then ШЕ Vo - Vi “Vo are applied 
to the points indicated. Two wipers at right angles will pick off linear functions 
of V and V5 which are well approximated to sines and cosines if the values of 
resistances are carefully chosen. Using eight tapping points as illustrated a 
reasonable approximation is obtained if the voltage at 459 is 0.75 times the 
voltage at 0°. Fig 5.6-3 shows one approximation to a cosine for wiper angles 
from 0 to 360° for given values of ЫЗ апа R3/R,. 


5.7 ALTIMETERS 
Radar altimeters are used in aircraft to indicate height above the ground or sea. 
A barometric altimeter indicates height above sea level or some other selected 
elevation. If a missile is required to fly at a given height above the ground for 
a distance of 20 or 30 km a simple barometric capsule or even a piezo electric 
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FIG. 5.5-1 Two axis accelerometer details 
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FIG. 5.6-3 Relative voltage as а funetion of wiper angle 
pressure transducer should be accurate enough to indicate height providing this is 
not less than about 100 m. Below this height they are not suitable due to local 
small variations in atmospheric pressure and their limitation of discrimination 
and accuracy. 
Radar altimeters are discussed by Hovanessian (2). Both FM/CW and pulsed systems 
can now operate down to altitudes of a metre or so but FM/CW systems appear to be 
more accurate in the range 0-10 m. Both types of altimeter can be made to indicate 
height continuously over a very wide range but this requires an elaborate design. 
If height measurement is required in the range 0-60 m only then a simpler instru- 
ment is possible weighing not more than about 2.5 kg. Both types can be designed 
with a large beamwidth permitting roll and pitch angles up to + 25° or more. The 
distance measured tends to be the distance to the point of nearest return. A 
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typical commercial FM/CW altimeter has an accuracy of + 5% or + 0.5 m below 10 m. 
An alternative type of device is the laser altimeter. This device illuminates the 
target with a short duration package of radiation derived from a laser source. 
Radiation reflected or scattered from the target is detected by a receiver in close 
proximity to the laser source. Conventional radar timing techniques are employed 
to give the altitude information. Laser altimeters have been constructed using. 
conventional sources and semi-conductor gallium arsenide (GaAs) devices. A 

system designed and produced by EMI Electronics Ltd using a GaAs laser would have 
a typical performance from 0.3 m to 50 m with accuracies of + 0.1 m at ranges out 
to 10 m and + 1% from 10 m to 50 m. In general, laser altimeters have narrow 
beamwidths (of the order of a degree or so) and hence give spot measurements of 
altitude above the terrain. 
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CHAPTER 6 


AUTOPILOT DESIGN 


6.1 INTRODUCTION 
An autopilot is a closed loop system and it is a minor loop inside the main guidance 
loop; not all missile systems require an autopilot. A missile will manoeuvre up- 
down or left-right in an apparently satisfactory manner if a control surface is 
moved or the direction of thrust altered. If the missile carries accelerometers 
and/or gyros to provide additional feedback into the missile servos to modify 
the missile motion then the missile control system consisting of servos, control 
surfaces or thrust vector elements, the airframe, and feedback instruments plus 
control electronics is usually called an autopilot, but this definition is not 
universally accepted, as already mentioned in the last chapter. Broadly speaking 
autopilots either control the motion in the pitch and yaw planes, in which case 
they are called lateral autopilots, or they control the motion about the fore and 
aft axis in which case they are called roll autopilots. This contrasts with the 
usual definition of aircraft autopilots; those designed to control the motion in 
the pitch plane are called longitudinal autopilots and only those to control the 
motion in yaw are called lateral autopilots. For instance, an aircraft autopilot 
designed to keep the heading constant would be called a lateral autopilot. For a 
symmetrical cruciform missile however pitch and yaw autopilots are often identical; 
one injects a g bias in the vertical plane to offset the effect of gravity but 
this does not affect the design of the autopilot. Roll autopilots serve quite a 
different purpose and will be considered separately. 
The requirements for a good lateral autopilot are very nearly the same for command 
and homing systems but it is more helpful initially to consider those associated 
with command systems where the guidance receiver produces signals proportional to 
the misalignment of the missile from the line of sight (LOS). A simplified closed- 
loop block diagram for a vertical or horizontal plane guidance loop without an 
autopilot is shown in Fig 6.1-1. 
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FIG 6.1-1 A vertical or horizontal plane guidance Loop 

The target direction ө+ is determined by the target tracker (we shall put the 
target and missile tracking systems together in the next chapter). Let the 
guidance receiver gain be kų volts/rad (misalignment). The guidance signals are 
then invariably phase advanced to ensure closed loop stability. In order to 
maintain constant sensitivity to missile linear displacement from the LOS, the 
signals are also multiplied by the measured or assumed missile range is before 
being passed to the missile servos. This means that the effective d.c. gain of 
the guidance error detector is Ky volts/m. If the missile servo gain is к rad/ 
volt and the control surfaces and airframe produce a steady state lateral 
acceleration of k3 m/s? /rad then the guidance loop has a steady state open loop 
gain of ky к; Кз п/52/п оғ К Ko Кз Bre The loop is closed by two inherent 
integrations from lateral acceleration to lateral position. Since the error angle 
is always very small one can say that the change in angle is this lateral displace- 
ment divided by the instantaneous missile range Rm Hence the x Ry and = Rn 
factors can be regarded as cancelling each other out. It is argued later that 
this assumption of a double integration is not strictly correct but that it is a 
good approximation for guidance loop stability calculations. We will examine the 
guidance loop structure in more detail in the next chapter and the reader is 
asked to accept at the moment that the guidance loop has a gain which is normally 
kept constant and consists of the product of the error detector gain, the servo 
gain and the aerodynamic gain. 
Consider now the possible variation in the value of the aerodynamic gain кз. ПЕД 
due to uncertainties and changes in the c.g. because of 

(a) propellant consumption 
and (b) manufacturing tolerances 
and changes in c.p. due to 

(a) changes in incidence 

(b) changes in missile speed 

(c) manufacturing tolerances 
the value of k3 could easily change by a factor of 5 to 1 if the static margin 
should change from say 2 cm to 10 cm in a missile about 2 m long. If, in addition, 
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there can be large variations in the dynamic pressure 3 aU due to changes in 
height and speed (many missiles have a boost-coast velocity profile), then the 
overall variation in aerodynamic gain could easily exceed 100 to 1. Also, we 

have already seen that the weathercock frequency of the missile which is a measure 
of the speed of response of the airframe in producing a lateral acceleration is a 
function of the static margin and the aerodynamic derivatives. And finally, since 
the missile response depends on the semi non-dimensional form of the aerodynamic 
derivatives, it follows that all aspects of the missile response will vary as the 
mass and inertia yary with propellant usage. A satisfactory guidance loop cannot 
be engineered if very large tolerances exist inside the loop, unless of course 
these variations are known. 

Since the bandwidth and damping of the guidance loop are optimised to produce 
minimum miss distance in the presence of target motion and noise of various sorts 
it follows that the receiver designer as well as the missile control system 
designer have to work to fairly close tolerances on gain, and in the latter case on 
dynamic response as well. No problem exists in maintaining a constant missile servo 
gain. If now it is known that the c.g. position will not vary from round to round 
and that it will not shift during flight, that the c.p. position will not change 
either, that the air density and missile velocity will remain constant and that 

the aerodynamics are perfectly linear (i.e. normal force is proportional to 
incidence), then he may have no worries. There are some airframe configurations 
(usually with wings with long root chords) where the c.p. changes very little 

with changes in Mach number and incidence. Moreover, if one can design a missile 
for high stability and hence low manoeuvrability (i.e. with a static margin of 5% 
or more of the length) then a small shift in c.p. or c.g. should not result in a 
large percentage change in static margin. Many anti-tank missiles are in this 
category. The maximum g requirements for such missiles which are designed to hit 
relatively slow moving targets are typically 3 to 4 g at the most. In addition, 
they are usually boosted and sustained to fly at a near-constant velocity. In such 
a case the problem of keeping the aerodynamic gain roughly constant hardly arises. 
We are now in a position to discuss the main objectives in lateral autopilot design. 


6.2 LATERAL AUTOPILOT DESIGN OBJECTIVES 
The maintenance of near-constant steady state aerodynamie gain 
Most guidance loops are conditionally stable i.e. a variation in gain either up or 
down will erode stability margins. The missile control designer might reasonably be 
asked to keep to a tolerance of + 25% of a nominal value. However many command 
systems use "feedforward terms" to improve accuracy and these will be discussed in 
the next chapter. To make full use of these the control system should have a close 


Autopilot Design 95 


tolerance on steady state gain, ideally + 10% of a nominal value or better. In 
homing systems, we shall see that the performance is seriously degraded if the 
"kinematic gain" varies by more than about + 30% of an ideal value. Since the 
kinematic gain depends on the control system gain, the homing head gain and the 
missile-target relative velocity, and the latter may not be known very accurately, 
it is not expected that the missile control designer will be allowed a tolerance 
of more than + 20%. 

So we arrive at a general conclusion that an open-loop missile control system is 
probably not acceptable for highly manoeuvrable missiles which have very small 
static margins especially those which do not operate at a constant height and speed. 
To tnerease the weathercock frequency 

A high weathercock frequency is essential for the stability of the guidance loop. 
Since the rest of the loop consists essentially of two integrations and a d.c. 
gain it follows that if there are no dynamic lags in the loop whatsoever we have 
180° phase lag at all frequencies open loop. To obtain stability we can pass the 
guidance error signal through a phase advance network whose transfer function is 


Pee where а « 1, typically about 0.1, 


In the frequency domain this approximates to 1/a for шаТ > 1 and hence this 
operation of adding the approximate differential to the error signal has the 
inevitable effect of seriously degrading the signal-to-noise ratio at frequencies 
> wl = 1 as some high frequency noise will almost certainly be present. Тһе 
maximum amount of phase advance Pmax Occurs when | 


wl = 1/va 
giving 
tan ф пах (1 - a)/2 vo (6.2-1) 
For a = 0.3 trax = 315 
a = 0.2 S is ADU 
max o 
а = 0.1 ЖАС 


If a = 0.2, the network is often referred to as a "5 to 1 phase advance network" 
and if о = 0.1 as a "10 to 1 phase advance network". The point that is being 
stressed at the moment is that amplitudes multiply and phases add. 

We shall point out in the next chapter that one can do a little better than this 
with a more complex type of phase advance transfer function but the fundamental 
problem still remains: if one requires more than about 609 phase advance one has 
to use several networks in series and the deterioration in signal-to-noise ratio 
tends to be catastrophic. Hence, although the number is somewhat arbitrary, 
designers do tend to limit the amount of phase advance that is going to be 
required to about 609. This means that if one is going to design a guidance loop 
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with a minimum of 45° phase margin, the total phase lag permissible from the 

missile servo and the aerodynamics at guidance loop unity gain cross-over frequency 
will be 15°. Hence the servo must be very much faster and likewise the weathercock . 
frequency should be much faster (say by a factor of five or more) than the guidance 
loop undamped natural frequency - i.e. the open-loop unity gain cross-over 
frequency. This may not be a practical proposition for an open loop missile control 
system especially at the lower end of the missile speed range and with a small 
static margin. 

To tnerease the weathercock damping 

We have seen that the weathercock mode is very underdamped, especially with a 

large static margin and at high altitudes. This has several undesirable effects. 
Firstly, a badly damped oscillatory mode results in a large r.m.s. output to broad 
band noise. The r.m.s. incidence is unnecessarily large and this results in a 
significant reduction in range due to the induced drag. The accuracy of the 

missile will also be degraded somewhat. A sudden increase in signal which could 
occur after a temporary signal fade will result in a large overshoot both in 
incidence and in achieved lateral g. This might cause stalling and in any case it 
would mean that the аігїгате would have to be stressed to stand nearly twice the 
maximum designed steady state g. 

To reduce cross-coupling between pitch and yaw motion 

If the missile has two axes of symmetry and there is no roll rate there should 

be no cross-coupling between the pitch and yaw motion. However many missiles are 
allowed to roll freely and equation 4.2-2 shows that there is a term producing 
acceleration along the y axis due to roll rate and incidence in pitch. Likewise 
equation 4.2-3 shows there is a term producing acceleration along the z axis due 

to roll rate and incidence in yaw. Similarly there are induced moments in pitch 

and yaw due to roll rate and angular motion in the other plane as the moment of 
inertia about the roll axis is usually an order of magnitude less than that 

about the pitch or yaw axis; equations 4.2-5 and 4.2-6 refer. These cross-coupling 
effects can be regarded as disturbances and any closed-loop system will be 
considerably less sensitive to any disturbance than an open-loop one. 

To assist in gathering 

In a command system the missile is usually launched some distance off the line of 
sight and toe-in and superelevation are added such that if there are no disturbances, 
the missile will fly into the beam or LOS; in other words the missile has to fly 
open-loop for some time.  Thrust misalignment, biases and cross winds all contribute 
to dispersion. A closed-loop missile control system (i.e. an autopilot), if it 
behaves like any other closed-loop system should be reasonably resistant to outside 
disturbances. To improve guidance accuracy the systems engineer will want the 
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narrowest guidance beam possible. The majority of supersonic CLOS and beam 

riders would stand a very small chance of gathering if they possessed no autopilot. 
Nevertheless there are a number of tube-launched missiles which carry a beacon 

and use an infra-red sensor for tracking the missile. This sensor is mounted 
alongside the launching tube, and therefore the missile is actually launched in 
the beam. Some of these missiles do not have an autopilot. 

Before proceeding to a detailed discussion of some particular autopilots it may 

be helpful to classify them as shown in Fig 6.2-1. 
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FIG 6.2-1 Types of autoptlots CYRO 


6.3 A LATERAL AUTOPILOT USING ONE ACCELEROMETER 
AND ONE RATE GYRO 

An arrangement whereby an accelerometer provides the main feedback and a rate gyro 
is used to act as a damper is common in many high performance command and homing 
missiles. [Identical autopilots are used to control the pitch and yaw motions if 
the missile has two planes of symmetry, so we need consider one channel only, the 
yaw autopilot say. The accelerometer is placed well forward of the c.g. probably 
about a half to two thirds of the distance from the c.g. to the nose. Its 
sensitive axis is in the direction oy. One has to avoid placing the accelerometer 
near an antinode of the principle bending mode of the missile otherwise the 
vibration pick-up at this point may result in destruction of the missile. 
missile servo can respond to this body bending frequency the resulting fin movement 


will tend to reinforce this natural mode. The rate gyro is not ideally placed ata 
The rate gyro's 


If the 


node where the angular movement due to vibration is a maximum. 
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sensitive axis is about oz i.e. its output is proportional to yaw rate r. 

Fig 6.3-1 shows the arrangement in a simplified form for a missile with rear 
controls. Firstly the dynamic lags of the rate gyro and accelerometer have been 
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FIG 6.3-1 A stmpltfied diagram for a lateral autoptlot with rear controls 
omitted as their bandwidth is usually more than 80 Hz and in this context the phase 
lags they introduce in the frequencies of interest are negligible. Secondly it 
is assumed that the dynamics of the fin servo are adequately described by a 
quadratic lag. Thirdly, the small numerator terms in the transfer function ғу/с 


һауе been omitted, see equation 4.6-7. For clarity this transfer function has been 
expressed as a steady state gain Ke and a quadratic lag (i.e. the weathercock 


frequency w and a damping ratio). We established in section 4.6 that a stable 


missile CE controls has a negative steady state gain. If we assume that the 
gain of the feedback instruments are positive and that their outputs are subtracted 
from the input demand then a negative feedback situation will be achieved only if 
the servo gain is shown as negative i.e. a positive voltage input produces a 
negative rudder deflection. 

Without going into any algebra at the moment, what does this diagram tell us? 
Firstly, since the autopilot is a Type O closed loop system we should aim at a mean 
open loop steady state gain of 10 or more to make the closed loop gain relatively 
insensitive to variations in aerodynamic gain; this open loop gain is kk 
(ka E kg/V). Secondly, gain and feedback will reduce the steady state gain and 
raise the bandwidth of the system. It is usually a fair approximation to assume 
that open loop gain crossover frequency approximates to the fundamental closed 
loop natural frequency. If, for example we are aiming at a minimum autopilot 


bandwidth of say 40 rad/s we have to ask what sort of bandwidth do we need from the 
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fin servo? Since the open loop gain crossover frequency will be at least 2 or 3 
times the open loop weathercock frequency we can regard the lightly damped airframe 
as producing very nearly 180° phase lag at gain crossover. A glance at the 
instrument feedback shows that the rate gyro produces some monitoring feedback 
equal to kg" and some first derivative of output equal to kq1i/U- It is this 
first derivative component which is so useful in promoting closed loop stability. 
If now the accelerometer is placed at a distance c ahead of the c.g. the total 
acceleration it sees is equal to the acceleration of the c.g. (fy) plus the 
angular acceleration (r) times this distance c. This total is fy (1 + cs/U + ст. JU). 
It is clear therefore that if c is positive (i.e. the accelerometer is ahead of 

the c.g.) we have from the two instruments some monitoring feedback plus some 

first and second derivative of the output, all negative feedback. It is not 
possible at this stage to be precise but it appears that we may be able to achieve 
70° or more phase advance in the feedback path with this arrangement. If this is 

so we can allow the servo to produce say 2095250 phase lag at gain crossover | 
frequency in order to achieve 50° open loop phase margin. This means that the 

servo bandwidth must be 3 or 4 times greater than the desired autopilot bandwidth, 
say a minimum of 150 rad/s for an autopilot bandwidth of 40 rad/s. 

We now consider the more exact form of the aerodynamic transfer fy to with the 

small additional numerator terms, see Fig 6.3-2. This has been expressed in the 
same form as in equation 4.6-7 such that the Кае of Fig 6.3-1 is equal to 

(пу, - ny )/ Qn, + Un, )- The inclusion of the airframe zeros also unfortunately 
complicates the transfer function for r/f,. The reader may wish to verify that 

the product of these two aerodynamic transfer functions #у/5 апа r/fy produces the 
transfer function r/c given in equation 4.6-8. Manipulation yields the following: 
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FIG 6.3-2 Lateral autoptlot with one accelerometer and one rate gyro 
In order to design the autopilot for a rear controlled missile we must make a first 
estimate of the required aerodynamic derivatives. We calculate that the missile 
may have to develop a lateral acceleration of 250 п/52 at а forward velocity of 
500 m/s (lateral g requirements are discussed in the next chapter). The missile 
is to be of the boost coast type and the maximum velocity will be v2 x 500 m/s and 
the minimum velocity will be 500/У2 m/s i.e. a speed variation of 2 to 1 overall. 
We make the assumption that normal force will be proportional to incidence and we 
limit body incidence to 0.2 radians. Hence Уб = 250 = Ye X207 20$ Ув = 1250. 
But 8 = v/U for small angles .. УС 1250/500 = 2.5. However since some of the 
lift of body + wings + control surfaces is lost with a tail controlled missile 
we should allow at least + 10% on this estimate, say y= 3.0. We estimate the 
missile length to be 2m, the all-burnt mass to be 52 kg and the all-burnt 
lateral moment of inertia C to be 14 kg me. The value of ny will depend on ys and 
the size of the static margin which we have some control over since we can 
dictate to some extent the position of the wings. Let us go initially to a static 
margin of 4-5% of the total length bearing in mind that this will vary somewhat 
with incidence and Mach number. 
Now Ny = Yy x* where x* is the static margin and n N/C and йү, = Malis Mp Хе 


V 
is 0.09m, i.e. 4.5% of the missile length then we find that DE 1.0. We now 
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consider the strength of rudder required. If the rudder moment arm is three 
quarters of half the missile length i.e. 0.75m and the static margin is 0.09m then 
to balance the stability moment with a rudder deflection of 0.2 radians we need 
Y. = 1250 x 0.09/0.75 = 150. However a steady lateral acceleration results in a 
steady body rate and hence an opposing damping moment which also opposes the 
rudder moment. Suggest Y- = 180. The damping derivative um is not necessary to 
specify so we take a figure based on similar designs i.e. Due -3. Since we know 
the control surface moment arm we find n. = 500. Tentatively we put the accelero- 
meter 0.5m forward of the c.g. Summarising therefore (and putting in the correct 
algebraic signs) our control parameters are 


U = 500 io +180 

VM -3.0 n. = -500 

Пе +1.0 e. = 0,5 

р = -3.0 
This leaves us with 5 parameters over which we have some control and which we 
wish to optimise viz Ko» Was? Us? Ka» PL we shall attempt in the first place, to 


design the autopilot without any compensation circuits. 

What will the specification look like? Suppose the nominal guidance loop gain is 
10. With phase advance the frequency at which open loop gain crossover occurs 
will be increased from YTO to about 5 rad/s. So we are looking for a small phase 
lag from the autopilot in the critical frequency range say 2-12 rad/s. A require- 
ment for a maximum autopilot phase lag of 159 at 5 rad/s and 30° at 10 rad/s would 
be just adequate. This is the reasoning behind the requirement for a minimum 
autopilot bandwidth of about 40 rad/s in this particular system. The system uses 
feedforward terms so we would expect to keep to a given closed loop gain + 10% 
but we might be allowed a few per cent more than this at the extremes of missile 
speed. We would expect to see something in the specification to control the 
degree of stability, such as percentage overshoot in the time domain, and gain 

and phase margin in the frequency domain. In addition there may be a limit 
imposed on the closed loop resonant gain in order to limit the equivalent noise 
bandwidth. The autopilot will also have to be satisfactory from the gathering 
point of view and a very close watch will have to be kept on the servo gain and 
bandwidth to avoid fin rate saturation in the presence of noise. In this 
connection the designer will try for the lowest possible servo gain and the 

lowest possible servo bandwidth as these measures will result in a reduction of 
r.m.s. fin rate. 

The reader will already know that a fundamental quantity in any closed loop is 

the open loop gain, and this is the product of the feedforward gain and the feed- 
back gain. So for convenience we can design the system as a nominal 1 to 1 system 
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i.e. the closed loop gain is unity. Since the autopilot is a type 0 feedback 
system and the rate gyro provides some of the feedback we can without loss of 
generality put the accelerometer gain to 0.8 as a first try. If in practice 
it is more convenient to put the accelerometer gain to a tenth of this value 
then the open loop gain is easily restored to its correct value by increasing 
the servo gain by a factor of 10. Let us take a specific example. Suppose the 
design aim is for a guidance open loop gain of 10 and we design the autopilot 
closed loop gain as unity. In this case the guidance error detector etc must 
have a gain of 10. Alternatively we could reduce the autopilot feedback gain by 
a factor of 10 say and increase the fin servo gain by a factor of 10 to keep the 
autopilot open loop gain unaltered. The autopilot closed loop gain is now 10 so 
the guidance error detector gain must be reduced to unity. It should be obvious 
that for any given guidance error the output from the fin servo is identical in 
both systems. We repeat: in the design of complete closed loop systems the gain of 
individual components or sub-systems is a matter of convenience, bearing in mind 
the voltage levels that are available. What is really significant is the open 
loop gain of a main or subsidiary loop. 
Let us therefore set the servo undamped natural frequency Wns to 180 rad/s, a 
figure which can be obtained with a good hot gas or a conventional pneumatic servo 
and ugis 0.5. From a first try on an analogue simulator it looks as though 
ks = 0.007 rad/volt and kg = 30 volts/rad/s will result in a reasonable autopilot. 
We now insert these values in equation 6.3-1 and find that 

ay = 6.39 x 10° = кый пу, 

ay = 1.636 x Г = - kgn 
2506 3 Ore 1/к. + ^ (- Y -Cc n.) 


22 
This coefficient is approximately zero if с = 0 which shows how vital it is to 
place the accelerometer forward of the c.g. 
0.82 = 2u./k, Wns 


аз 
2 


арага хова 
In order to consider the stability and modes of oscillation of this fourth order 
system we need to consider the coefficients of the denominator only of the closed 
loop transfer function. The characteristic equation is obtained by rewriting the 
transfer function as a differential equation and equating the left hand side to 


zero thus: 
(0. 6895" М 1.28253 " 3.22252 ^ 2.587s 
——Ó— шы 


108 10 104 10 
Factorisation of this equation by trial and error is not possible since it will 
almost certainly factorise into two quadratics each with complex roots. The 


ТОЕ ОИ ] 02 fy=0 (6.3-2) 
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standard method of solving such an equation is to write it in this form 


4 3 


S +2as~ + bs? +2cs +d=0 


2 2 


and to solve the cubic 2k? - bk? +2 (ac - d)k - ad + bd - c? = 0 
From this cubic equation one real value of k can always be found. The values of 
e and f are then obtained from the equations 
af + 2k =b + е2 and KÊ = d + f 
whence the values of s can be obtained from the two quadratics 
SF (a = els W (kf) 2.0 
and 52 + (а + е)ѕ + (k + f) =0 
Equation 6.3-2 thus factorises to: 


2 


2 2 
E 4 2 ыы: E Шы " 2 x 0.286s 4271962 (6. 3-3) 


It is easily shown by the residue method that the response to a step input is 
dominated by the slower mode defined by та 65.3 rad/s and р = 0.611; in fact 

the amplitude of this slower mode is about seven times larger than the faster mode. 
This main mode is well damped. The fact that the faster mode is rather poorly 
damped is not serious and it contributes relatively little to the system response. 
The open loop weathercock mode is defined by dt = Uny T-y ее 509, and 2 EE 
TUS. Hence шр = 22.5 and и = 0.13. Thus we have increased the speed of response 
of this slow mode by a factor of 3 to 1 and we have increased the damping to a very 
respectable value. What aids are there available to the designer in arriving at a 
satisfactory fourth-order response? 

A much clearer insight into the behaviour of linear systems is obtained by using 

a normalisation procedure. Consider the transfer function 


9% E 1 
= = — 
] a S %а45 + 1 
Ме are familiar with the method of writing it thus 
9 1 


1 
— = here ш. = 
ТАС ҮҮ А y 
Т s"/u^ + 2us/u, + 1 omen 


86 1 
LU Spe ibn Ба ақа me where S - S/w,, 
liu S: АТИНИ, 
and we know that the time or frequency response can be normalised against non- 
dimensional time wt or non-dimensional frequency w/w, In other words we have 
reduced the number of variables by one and the shape of the response depends only 
on the normalised value of а: We also note that this value 2р is likely to be а 


small number say between 1 and 2. Graham and Lathrop (1) have shown that systems 


G.W.C.S.—H 
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of any order with identical normalised transfer functions possess identical pole- 
zero geometry, differing only in magnitude proportional to the normalisation 
frequency Wo? 

Thus for a fourth-order system we write w) = (1/24) and 5 = s/w, such that our 
characteristic equation can be rearranged from equation 6.3-2 to read 


sf 3 2 


+ 1.6957 + 3.885 + 2.815 + 1-0 (6. 3-4) 
where pfe 109.7 
We have already considered the "optimum" damping ratio for a second order system 
i.e. we have to control the coefficient of S only. In a fourth-order system the 
problem is the same in principle except now we have to control the coefficients of 
3» с апа s?! The optimum value of these coefficients will clearly depend on the 
performance index selected. There is general agreement among control engineers that 
for any order system the transfer function which minimises the integral of (time x 
absolute error) ITAE to a step input will have a good transient response and a 
good frequency response. For systems with no closed loop zeroes the optimum transfer 
function coefficients are shown in Table 6.3-1. 


TABLE 6.3-1 DENOMINATOR OF NORMALISED ITAE OPTIMUM SYSTEMS WITH NO CLOSED LOOP 
ZEROES 


Denoninator 


So 4 14S 1 


2 


692110756652 ЕСТ 


st 4 2.19? 4 3,452 + 2.755 + 1 


The author considers that the method of designing third and fourth order systems 
with the aid of these normalised forms is particularly useful in this context. The 
root locus method gives valuable insight when one is varying one parameter at a 
time, such as the loop gain. In the case of a lateral autopilot, a change in 
aerodynamic gain due to a change in missile speed say results simultaneously in 
changes in aZZ the other aerodynamic parameters such as the weathercock frequency 
and the weathercock damping. We note that our normalised denominator as given in 
equation 6.3-4 is very similar to the ITAE optimum form. Now a little experience 
with such systems leads one to the conclusion that there is a fair amount of 
latitude about this so called optimum; the system response is not very sensitive to 
small changes in the coefficients about these optimum values. The coefficient of 
53 is about 80% of the optimum value. This suggests that one of the modes may be 
rather underdamped. If we look at the terms which comprise аҙ We see that it is 
proportional to the servo damping ratio to a good first approximation. Those 
readers who have worked with the root locus will realise that the simplest way to 
improve the damping of a closed loop mode is to start with an open loop mode which 
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is well damped. So a fundamental and important principle emerges: if the servo 
response is well damped (u = 0.7 to 1.0 say) the design of a well damped autopilot 
is greatly facilitated. 
Finally, before considering how the autopilot response changes when the missile 
speed changes it is instructive to look at the autopilot transfer function us ing 
the Routh Hurwitz stability criterion. The conditions for stability are 

ay (а.а, ~ атаи) > JN (6. 3-5) 
It does not matter whether we use the original transfer function or the normalised 
one, we will arrive at the same answer. In the latter case аач 1 апа һепсе 
6.3-5 reduces to 

а] (agas - ау) > ау (600%) 
Towill (2) has shown that the absolute minimum normalised value of à) = 2 мһеп 
a, = аз. Examination of the terms which make up аҙ will convince us that we should 
try to place the accelerometer as far forward as possible since а; increases as с 
increases. Indeed, equation 6.3-6 is saying that there are two conditions for 
stability, the one explicitly stated and another i.e. 

аа - ау > 0 
One sees immediately that an increase in the value of à, must assist in promoting 
stability. This is just not so for the other coefficients а: апа ay. Now the 
value of ay is largely dependant on the rate gyro gain Kg: It is easy to show on 
an analogue simulator that too large a value of rate gyro gain causes instability. 
Similarly if the servo damping is really excessive (increasing the value of a3) 
equation 6.3-6 is warning us that instability can arise due to this also. 
We will now see how the autopilot response varies as the missile speed changes. 
Investigation of wind tunnel results of some typical rather slender low aspect ratio 
supersonic missile configurations shows that to a good first approximation the 
normal force for a given incidence is proportional to 30) апа is only weakly 
dependant on Mach number in the speed range under consideration. If therefore the 
speed increases by a factor of У2 we will assume that y , n. and n, increase by a 
factor of 2 and that Yy and ny increase by a factor of v2, see section 4.7. 
Inserting these new values in equation 6.3-1 yields the denominator coefficients 
shown in Table 6. 3-2. 
TABLE 6.3-2 DENOMINATOR COEFFICIENTS OF AUTOPILOT TRANSFER FUNCTION 


1.821 x 10° 6.39 x 10° А 
8.291 х 10° 1:536:x,]0* 3.204 x 10 


1.746 x 10° 2.06 x 10° 2.675 x 10 
0. 806 0. 82 0. 839 
4.41 x 107° 4.41 x 107° (I iS TES: 
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For U = 500//2 the closed loop transfer function reduces to: 


à 0.907 (- = 
үсік 

Ж 
Туа 2.42284 : 4. 43s? 2 9.5952 at ios ee 

10° 10° 100 — 10 
0.907 (- 0.02385 + 1)(.0229s +1 
( S A 2 x 0.739s + 1)( S 4 2 х 0.3625 4211 
37.1 17626 


4 2.28053 + 6.16152 


The normalised denominator reads 5 
rad/s. 


+ 3.650S + 1 and i= 80.2 


For U = 500 the closed loop transfer function as we have seen reduces to 


247355 18.186 1) 
f 
2 10 10 
fd 0.68951 б 1.28252 i 3.22252 4 2:587s , 1 
10° 10° 104 10 
1.03 (- 0.0169s + 1)(0.0161s + 1 
S 75 ЕСІНЕ 5 2 x 0.2865 
Des ү 65.3 ч giae [85 n. 
The normalised denominator reads 
S3 +169654 шен S15 bh 
and us = 109.7 rad/s 
For U = 500 x v2 the closed loop transfer function reduces to 


19032 


2 
1.11 (- 139457, 8.185 , 1) 


Cog 10 10 
"rale NIE dian EJ. ho LEN ML LA 
DRE AE ТАНЕРТЕН АНЕ, 
10 10° 102 10 


Tall (= 0:0121IS Зу (0:0T129S ТИП 
2 


S 2EYROSIAZS S 2*х 052025 
eter sp ee ae 1)( + + 1) 
lez E 785 
The normalised denominator reads 54 + 1.25053 + 2.6175? + 2.0585 + Тапа was 152.2 


rad/s. 

The closed loop frequency responses for these three missile velocities are shown 

in Fig 6.3-2 and the responses to an input step demand of 50 m/s are shown in 

Fig 6.3-3. We are now in a position to say whether we are likely to meet the 
specification. У 

(a) The closed loop gain varies from 0.907 to 1.11 a variation of -9.3% to +11% of 
the nominal value of unity. We originally had in mind a figure of + 10%. This 
variation is due to a change in aerodynamic gain of 4 to 1 very nearly. 


AMPLITUDE RATIO db 


NO 
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FIG 6.3-2 Lateral autopilot closed loop frequency responses 
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U = 500/42 
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Incidence 
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FIG 6.3-3 Lateral autopilot response to an input step demand for 50 m/s? 
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(b) The autopilot easily meets the requirement concerning phase lag in the 
specified frequency range. The reason why the phase lag is small at these low 
frequencies is that the undamped natural frequency of the dominant mode has been 
increased. Table 6.3-3 summarises the position. 

TABLE 6.3-3 COMPARISON BETWEEN OPEN AND CLOSED LOOP MODES 


Open loop Closed loop 


Missile 
Undamped : 
s peed е 
я weathercock Damping Totali Жук Damping 
frequency ratio Р nd q y ratio 
rad/s rad/s 


1579 0.10 0:799 
2255 0.133 65.3 0.611 
32.0 0.16 VU 0.142 


The reason for this increased speed of response closed loop is easily seen from 
Fig 6.3-3. The rudder is allowed to go over a long way initially because the 
feedback is so small. The strongly phased advanced feedback however soon 

reverses the rudder in an attempt to prevent overshooting. This closed loop system 
therefore is fundamentally no different in action from any other feedback system. 
An increase in the speed of response depends not only on the transfer function 
itself but also on the physical ability to meet the power, rate, angle etc 
requirement implicit in this transfer function. Ignoring stability considerations 
at the moment, we could apparently, increase the speed of response still further 
by doubling the servo gain. As a result of a given input the rudder will now try, 
initially, to deflect twice as far as before. Since the steady state lateral 
acceleration will be approximately unaltered by this change in feedforward gain it 
follows that the response should be faster. But there is clearly a limit to the 
useful deflection we can use and in any case the servo will have to develop twice 
the angular rate as before; and this may be beyond its capability. Therefore, if 
we are to believe in the transfer functions we write down we have to limit some of 
the gains in a system or sub-system. 

(c) Me also note that the closed loop system, in general, is well damped, not 
because we have increased the viscosity of the air, but because we have regulated 
the timing or phasing of the torque producing mechanism by suitably shaping the 
feedback. Nevertheless in the high speed range it is seen that both modes are 
under-damped. The dominant mode damping is greatly improved if the accelerometer 
can be moved slightly forward. Failing this the degree of stability can be improved 
if the rate gyro signal is mildly phase advanced, using say а 3 to 1 network. 

It is appropriate that the use of compensating networks should now be discussed. 
Phase advance and phase lag networks are tuned networks and are effective only if 
the time constants are related to the open loop cross-over frequency. If the open 
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loop gain is likely to vary considerably then a compensating network may improve 
the response at one gain extreme and actually degrade it at the other. In general 
it is not feasible to phase advance the error signal as the input to the autopilot 
has already just been phase advanced in the main guidance loop. The relatively 
poor signal-to-noise ratio at this input is in no way improved by differencing it 
with the autopilot feedback signals. Superficially it is quite safe to phase 
advance an accelerometer signal as the error signal has been filtered by the 
servo and the airframe transfer function. The filtering effect of the airframe is 
however surprisingly little at the higher frequencies due to the presence of the 
two zeroes in the transfer function. This is merely saying that even if the 
airframe does not turn at all as a result of rudder movement there will always be a 
lateral acceleration due to the normal force from the rudder. Moreover, additional 
movement of the airframe can result from aerodynamic or propulsion noise. If at 
any point on the airframe there is a component of lateral movement Yn given by 
УУС ^ Sin ot 
then the acceleration at this point is ш2 times this value. If there are any high 
frequencies present in this noise then the accelerometer output can be very noisy 
indeed. Even if the accelerometer can be placed precisely at a node of the 
principle bending mode it will not be at a node of any of the higher frequency 
bending modes. So accelerometer signals are rarely phase advanced. Angular rate 
signals are not likely to be so noisy and angular posttton signals should be well 
filtered; signals from position gyros can usually be phase advanced with relative 
safety. However, the use of phase lag networks in the feedback path can be 
beneficial. Because they attenuate the open loop gain at high frequencies they 
permit high open loop gains to be used; at the same time they will attenuate any 
high frequency noise in the feedback path. 
We conclude therefore that instrument feedback can improve the response of the 
airframe and that moderate changes in aerodynamic gain can be accommodated. We 
anticipate however that if really large changes in aerodynamic gain are to be 
catered for then some form of adaptive system will be required. 
6.4 A DISCUSSION OF THE "IMPORTANT" AERODYNAMIC 
DERIVATIVES 
It has been shown that we can readily calculate a required value for Ye and hence 
Ye if we know the maximum g requirements and the maximum body incidence permissible. 
Now there are six main lateral aerodynamic derivatives for each plane and we 
have already dismissed у? апа 24 as being just about negligible. Considering the 
yaw plane only, we have already discussed and determined Yy: This leaves four 
others to reconsider. Open loop the weathercock damping is proportional to 
ro + ny) s see Fig 6.3-1. Closed loop the dominant mode damping would be very low 
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indeed without any synthetic damping terms in the feedback path, and yet we have 
found that it is possible to obtain a well damped closed loop response. The 
reader who has evaluated the individual terms which make up the denominator 
coefficients ag» a, etc in the example will realise that the actual value of n, is 
not important at all; it can be set to zero and the response, closed Loop, is 
virtually unchanged. This now leaves us with three lateral derivatives пу» n. and 
y.. In the previous example we somewhat arbitrarily stipulated a given mean 


5 


static margin. For а given Y this fixed the value of ny (or n,) and we realised 


) 
that n. would have to be slightly greater than naf. As the vont moment arm 

was known we could write down the value of y_ once n. was determined. Hence we 
are really saying that a minimum value for Yy is easily determined and if we set 
the static margin to a given figure all the necessary design values of the other 
derivatives automaticaly follow. Suppose now the static margin is set to half 
the original assumed value. Does this mean that nr and hence у can be reduced to 
half their original values also? The answer is, in this particular example, 
decidely по: The value of n. is a measure of the initial angular acceleration of 
the body per unit rudder, and hence is a key parameter in determining the closed 
loop speed of response. If this is reduced the autopilot bandwidth will be 
reduced. So the key lateral aerodynamic derivatives are Jv; and nei all the rest 
are relatively unimportant. Fig 6.4-1 shows the response of an autopilot with an 
airframe which, open loop, would be well and truly unstable. The gains etc are 
the same as those used for the previous worked example with U = 500 but the value 
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FIG 6.4-1 Response of lateral autopilot which is unstable open loop 
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of ny has been changed from 1.0 to -1.0; the accelerometer has been moved to 0.7m 
forward of the c.g. One sees that, for the same input demand, the rudder finally 
settles to a steady deflection of opposite sign to that which obtains with a 
stable missile. The aerodynamic gain increases with an unstable missile, of 
course, since although the moment from the rudder opposes the unstabilising moment 
from the body, the forces due to the rudder and the airframe considered as a 

whole now act in the same sense. The response of a well designed lateral autopilot 
therefore is relatively insensitive to the position of the c.p. or c.g. (within 
reasonable limits!) The ideal state of affairs, it is suggested, is for the 
nominal static margin to be zero. A shift in c.g. will almost certainly occur due 
to propellant usage; in the majority of missiles the c.g. of the propellant is 
somewhat to the rear of the missile. The c.p. will change with incidence and 

with Mach number, the amount depending on the design. It is comforting to know 
that a satisfactory response is possible with variations of this sort. The 
condition that one must avoid is too Zarge a static margin. The rudder will have 
a limited useful travel and a large static margin will make it impossible for the 
rudder to produce the necessary body incidence to manoeuvre the missile. 

At the risk of over-simplifying a rather complicated situation consider once 

again the denominator coefficients of the autopilot transfer function; 


ag = kaU (ny, = nyy,) = ka U ny, 


à = “kan 

à = 1/ks + ^ (ye - en.) 
аз = us Кошу 

ад = 1/Ксш 


For low aerodynamic gains the autopilot bandwidth has been found to be relatively 
low; in such cases the servo dynamics become negligible in which case а: апа ay 
can be neglected. Also the two terms Ve and -en, tend to cancel out so making 
another crude assumption that they cancel completely and dividing ао» ay and a 
by ka U n Jy to make ЗВ. 1 ме see the new value of а = T/k ok, U nov. Hence 
the undamped closed loop natural frequency = "KK ЕТЕР it is also seen that it 
is the rate gyro feedback which provides the damping. At the higher loop gains 
prevailing with higher missile speeds these very simplifying assumptions are too 
crude to be of quantitative value. Nevertheless it is still correct to say that 
n. and y, are always the "important" aerodynamic derivatives; or since U is 
usually associated with nv» it would be more accurate to say that n. and Ув аге 
the important lateral derivatives. 


2 


6.5 THE TWO-ACCELEROMETER LATERAL AUTOPILOT 
An accelerometer of gain Ka placed at a distance c ahead of the c.g. with its input 
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axis parallel to the missile oy axis produces a signal equal to 
ka (Fy + cr), 
where fy is the acceleration of the c.g. in the sense oy. 
An accelerometer similarly oriented but at a distance d behind the c.g. produces a 
signal equal to 


a 
Since the additional component from an accelerometer due to its distance forward 


of the c.g. has a valuable stabilising influence it follows that it would serve no 
useful purpose at all to place an accelerometer to the rear of the c.g. Neverthe- 


k (fs - dr) 


less three very well known British systems use spaced accelerometers to provide 
instrumental feedback and the ingenious method of mixing the two signals is this: 
the forward accelerometer gain is increased to 3k, and the rear accelerometer gain 
is increased to 2k, but this latter signal is fed back positively: The total 
negative feedback is therefore 
3k, um + cr) - 2k, (Fy - dr) 
= ^ (fy + (3c + 2d)r) 


This is equivalent to having one accelerometer much further forward of the c.g. 
However, the stabilising terms largely affect the à» term in the denominator of 
the closed loop transfer function and the important term kg n. which largely 
controlled the value of ay in the one accelerometer and rate gyro system is now 
absent. Suppose now the signal from the rear accelerometer is Zagged by passing 
it through a filter having the transfer function 

T p 
Ignore the terms due to the angular acceleration for the moment (i.e. regard the 
accelerometers both situated at the c.g.); the total negative feedback is therefore 


2k 


Rearranging this is 

- (3 Lm 2) z * 4. : Tra, 

m | m 

and this is equivalent to a 3 to 1 phase advance network. The filtering part of 
the phase advance has the effect of making the autopilot fifth order which makes 
detailed analysis of the closed loop rather more tedious. Fig 6.5-1 shows the 
response of an autopilot to a step demand using two accelerometers each spaced 0.5m 
from the c.g. with the same servo gain and aerodynamic derivatives used for the 
single accelerometer rate gyro case and U - 500; Les has been set to 0.038 secs. 
There are other-ways of mixing the signals from the two accelerometers which make 
this configuration very versatile; in particular it is comparatively easy to 
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FIG 6.5-1 Response of a two accelerometer lateral 
autoptlot to a step input demand 


produce a quick and well damped dominant mode with zero overshoot. This aspect 
would be attractive in a system using ram jet propulsion as a large overshoot in 
incidence has a tendency to choke the air intake and extinguish the engine. 


6.6 THE SINGLE RATE GYRO LATERAL AUTOPILOT 
As far as is known only one British system - Thunderbird - used rate gyro feedback 
only. Since a rate gyro (used in conjunction with an accelerometer) provides only 
a small fraction of the main feedback it follows that if one is to design a system 
with a comparable open loop gain one will have to increase the rate gyro gain 
considerably, typically about 10 times. This means that the main damping term is 
now much too large so one càn remedy this by passing the rate gyro signal through 
a phase lag circuit. It is difficult to obtain a reasonably consistent response 
with moderate variations in aerodynamic gain. Also since the effective d.c. 
acceleration feedback is proportional to 1/U the lateral acceleration/unit input 
will be proportional to U. It is insensitive to U with accelerometer feedback. 
Fig 6.6-1 shows the response of a single rate gyro autopilot with lagged feedback 
and the same loop gain etc as the accelerometer and.rate gyro autopilot. 


6.7 THE EFFECT OF CANARD CONTROLS ON LATERAL 
AUTOPILOT DESIGN 


Consider a missile with the same body and main lifting surfaces as our missile 
with rear controls. We remove these rear controls and install them as canard 
controls. This moves the c.p. forward so we move the main lifting surfaces back 
so the static margin is unaltered: The only fundamental change in the aerodynamic 
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FIG 6.6-1 Response of a single rate gyro lateral 
autoptlot to a step input demand 


derivatives is that n. will now be positive. Consider therefore the design of a 
lateral autopilot with canard controls with the gains and the magnitude of the 
aerodynamic derivatives the same as those in the autopilot example in section 6.3. 
Since a positive rudder movement now produces a steady state positive lateral 
acceleration the fin servo gain must now be made positive also, but this a minor 
detail. If the missile is statically stable the aerodynamic gain will now be 
larger since the normal force from the rudder and that from the main airframe work 
together, not in opposition. There is however a noticeable difference in the 
degree of stability when the loop is closed using accelerometers. If the reader 
carefully checks through the signs in the new closed loop transfer function he 
will find that the value of the coefficient а, is given by 


аҙ = Ке + Ka (Y. 4 cn)» very nearly. 


These three terms are now all positive, and hence the value of this coefficient 
tends to be significantly larger with a canard control configuration. We showed in 
equation 6.3-6 that to maintain stability it is vital to keep the value of аҙ аһоуе 
а certain minimum. This is a direct result of the rudder and airframe working 
together; the initial feedback resulting from a rudder movement is now negative and 
not positive .as obtained with rear controls. This inherent superior stability 

with canards when operating closed loop makes it easier to design a satisfactory 
autopilot in a variable aerodynamic environment. Fig 6.7-1 shows the response of a 
lateral autopilot with U = 500 m/s; the only differences between this autopilot and 
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the one whose response is shown in Fig 6.3-3 are that nr has been made positive and 
the rudder servo gain has been changed in sign. 
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FIG 6.7-1 Response of lateral autoptlot with canard 
controls to a step input demand 


Before leaving the design of lateral acceleration autopilots it is instructive to 
draw an open loop Bode diagram. In this connection it is simpler to express all 
transfer functions as d.c. gains and dynamic lags as shown in Fig 6.7-2; the open 
loop weathercock mode has been denoted by E If rear controls are used the 
aerodynamic d.c. gain is negative so Ks must be negative. When canard controls are 
used к; must be positive. If expressed in this way bo and by are both negative for 
rear controls and are both positive with canards. b3 is the incidence lag, see 
equation 4.6-9 and Fig 4.6-2. The reader may wish to check that the open loop 
transfer function can be simplified to: 


KsKaeKa (1 + ТАСЫ (Ys? + Xs + 1) 


REN ет rset AS сш К ыш (6.7-1) 
(s [us + 2u,S/u e * 1) (s Jo + 2u S / Ohw + 1) 


where X - (b. + c/U + kqb3/ Uk,)/(1 + ка/Ка0) 
andy АЁ = (з: cb4/U)/(1 + ТАСЫ 


The Bode diagram for the lateral autopilot discussed in section 6.3 with U = 500 is 
shown in Fig 6.7-3. We have already designed the closed loop to conform fairly closely 
to the ITAE optimum form and it is not surprising to find that there is a phase 

margin of 55° and a gain margin of 13.5 dbs. The phase margin obtainable with 

canard controls is appreciably greater, but the reader who takes the trouble to 
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FIG 6.7-3 Bode diagram for lateral autopilot 
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verify this will be convinced that design of moderately complex systems by the 
method of normalised coefficients is both quicker and more direct. 


6.8 A VELOCITY CONTROL AUTOPILOT 
The concept of “velocity control" is associated with manual control systems where 
the operator tracks both the missile and the target and attempts to bring target 
and missile into alignment by issuing commands to the missile, usually by means of 
a specially designed thumb controller and a command link to the missile. If no 
autopilot is used then a constant demand - either up-down or left-right - will 
result in the missile developing a steady lateral acceleration. Consider the 
action necessary by the operator to make a correction in position in the yaw plane. 
To put in a left correction a good operator will put over his controller to the 
left until half the “error" is eliminated and will then reverse his controller. 
Transients in the missile ideally should be so short that the operator is not really 
aware of their presence. Fig 6.8-1 shows the missile developing a constant lateral 
acceleration as a result of operator commands; missile transients have been ignored. 
It is clear that a great deal of anticipation and training is required to develop 
such a skill; the operator is using his own intelligence to supply the necessary 
amount of phase advance. 
Consider a missile carrying a position gyro which feeds back a voltage proportional 
to yaw angle. The situation now is that the nett signal into the rudder is the 
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FIG 6.8-1 Acceleration control of a misstle 


Autopilot Design 119 


difference between the command and the achieved angular position of the missile. 
When the missile is pointing in the desired direction the rudder will automatically 
be returned to the central position and the missile will now continue to fly 
straight in this new direction. If this departure from the new flight path 
direction is a small angle Ave then to a stationary observer the missile appears 

to have a constant velocity perpendicular to the original LOS equal to U. Aves this 
lateral velocity is proportional to the command. Such a system of controlling the 
trajectory of a missile is called "velocity control". Fig 6.8-2 shows a plan of 
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FIG 6.8-2 Veloetty control of a missile 
the flight path of the missile as a result of a step demand when velocity control 
is employed. In this country the opinion is widely held that the training of 
operators is much easier with velocity control than with acceleration control. 
Nevertheless most people find it comparatively easy to steer a car through gate 
posts. Does not a car travel in a circle in response to a wheel or "stick" move- 
ment and is this therefore not acceleration control also? Strictly no. The 
difference is that the guided weapon operator is stationary whereas the car driver 
has a constant velocity horizon if the steering wheel is over in a fixed position, 
so the system appears to the driver as a velocity control system. The task of 
steering a remotely controlled model car through chairlegs is much more difficult; 
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this is a true acceleration control system. Another advantage of a gyro in the 

loop is that the missile will automatically react to a wind gust, thrust misalignment 
or disturbance due to a rigging error. With anti-tank missiles there is always the 
danger of hitting the ground. When a position gyro is used in the pitch plane the 
missile is usually launched at a set elevation with the gyro uncaged at an angle to 
the missile framework so that it will fly in a horizontal plane with a small 
permanent incidence to overcome gravity. Without the gyro gravity compensation 
still has to be obtained. Any error in biassing the elevator servos results in the 
missile accelerating upwards or downwards and this calls for more skill from the 
operator if he is to bring the missile back on course. A velocity control system 

is suitable for systems designed to hit stationary or slow moving targets where 
small adjustments only are required by the operator. LOS systems designed to hit 
fast crossing targets require the missile to execute a curved trajectory and a 
directional autopilot would merely hinder the operator in trying to keep the missile 
in the LOS. 

Before leaving this subject the effect of the incidence lag should be discussed. A 
block diagram of a velocity control autopilot is shown in Fig 6.8-3. The transfer 
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function for г/с, see equation 4.6-8, can be rearranged by dividing the numerator 

and denominator by UE + Un)» the undamped weathercock frequency E The 

missile selected has an incidence lag of 0.75 s and is an anti-tank missile 
sustaining at a steady speed of 140 m/s. We have already established that trajectory 
or flight path rate can be regarded as body rate lagged by this time constant, the 
incidence lag, see Fig 4.6-2. Now, transfer functions assume zero initial conditions 
so integrating both these quantities gives us the result that flight path direction 
is related to body direction by the same time constant (the small terms which occur 
in the full expression for Ve/r have been omitted for clarity as they hardly affect 
the argument). Since the operator is trying to change the position of the c.g. of 
the missile the angular position of the missile is irrelevant; the flight path 
direction is all important. If therefore we produce a "conventional" type of 
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response for LA TM then the operator will be aware of the considerable lag in 
producing a change in flight path. For a given incidence lag one method of 
improving the response is to use a phase lag network in the feedback path. This 
delays the feedback and allows a large initial overshoot in body angle; if the 
time constants are chosen carefully stability can actually be improved. The 
resultant large zero in the closed loop transfer function largely offsets the 
incidence lag. Fig 6.8-4 shows the response of a velocity control autopilot 
with uj, Set to 10 rad/s and the open loop gain to 35. The compensation transfer 
functions in the feedback path are defined by 


0.068s + 1 5 ОТС] 
0.685 +1 0.015 + 1 


If such an exaggerated body overshoot is not permissible then the incidence lag 
can be reduced by increasing Ys (this means larger lifting surfaces) or by strongly 
phase advancing the signal from the operator. 
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FIG 6.8-4 Response of velocity control 
autoptlot to a step input demand 


6.9 LATERAL AUTOPILOTS AND DISPERSION AT LAUNCH 
All system biases or disturbances tend to cause inaccuracy but in a closed loop 
system the ill effects are usually kept fairly small due to the "stiffness" of the 
closed loop. However some command systems are designed with trackers which may 
be up to 100m from the launcher. The missile has to fly open loop for some time 
before it enters the tracker beam. If the dispersion is too great a complete 
mission failure may result. Even semi-active homers which do not have to enter a 
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beam are required to fly fairly straight during the boost period as during this 
initial period a rear reference signal may not be available due to excessive flame 
attenuation from the boost motor. Many modern anti-tank missiles are fired out of 
a tube which is mounted on a tripod. This very short "gun barrel" will help 

reduce dispersion. Despite the fact that many command systems use a wide gathering 
beam which is subsequently narrowed considerably, the question of dispersion at 
launch is invariably considered and simulated in great detail. 

The most serious cause of dispersion is usually thrust misalignment. Even if a 
convergent-divergent rocket nozzle is perfectly manufactured and aligned, deviation: 
of the gas flow from truly axi-symmetric conditions can occur resulting in an 
effective misalignment. Darwell and Trubridge (3) have shown how nozzle shapes 
giving zero gas misalignment can be determined. Nevertheless, this still means tha! 
there is a practical limit on the manufacturing tolerances that can be met and 
checked during inspection. A tolerance of + 2 milliradians thrust misalignment in 
any one plane has been quoted for several systems. This may seem a very small 
misalignment (about 7' of arc) but unfortunately during boost the propulsion forces 
are large. Suppose we boost at 40g. The lateral component of force will produce 

a mere 409/500 = 0.8 m/s* lateral acceleration for 2 milliradians misalignment. 
However, thrust misalignment produces a turning moment on the missile also. 
Consider the situation when the missile body has been turned through a small angle, 
say 0.05 rad. The longitudinal acceleration of the missile will have a component 
equal to 40g/20 = 2g = 20m/s* perpendicular to the original launch direction. At 
this stage the angular rate will be small so the opposing damping moment will be 
small. Hence, if no autopilot exists the only way to reduce dispersion due to this 
cause is to increase the static margin. 

Now consider the effect of a sidewind. If the static margin is zero a sidewind 
will result in some effective incidence. This will in turn result in a normal 
force and the missile will eventually drift downwind at wind velocity. However, 

a stable missile will turn into the wind and this will have the effect of 
redirecting the propulsion forces up-wind; this effect is usually far more 
significant than the natural aerodynamic tendency to drift down-wind. Hence to 
reduce dispersion due to sidewinds a very small static margin is desirable! 

All missiles must exhibit some rigging error and some fin servo bias. The effects 
of these in causing dispersion could be enormous but with modern production and 
inspection techniques these effects can usually be kept small when compared with 
the effects of thrust misalignment and sidewind; they will not be considered in 
detail here. 

Figs 6.9-1(a) and (b) show lateral displacement against time for a sidewind of 

10 m/s and a thrust misalignment of 2 milliradians. The missile longitudinal 
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acceleration has been taken as constant at 400 п/52 and the aerodynamic character- 
istics are the same as the one considered in section 6.3. It has been assumed that 
the aerodynamic normal force « 3oU*, and the static margin has remained constant 
during the boost phase. It is seen that provided there is a significant static 
margin, the dispersion due to a sidewind is not very sensitive to the size of the 
static margin; the only difference is that the missile initial angular acceleration 
is greater with a large static margin. The very small dispersion shown as negative 
with zero static margin is of course a dispersion down wind. When estimating 
inaccuracies of this nature one often assumes that all biases and disturbances etc 
have a normal distribution and that none of them are correlated. One then estimates 
lo or 2c values for each "input" to the system and calculates the likely total 
effect in the same way as with tracking accuracy in chapter 1. A value of 10 m/s 
has been taken as a 2c value for a cross-wind. Since wind could blow in any 
direction relative to the launch direction the probable component of a wind of 
velocity Un in any one direction (in either sense) is 2U /7- Hence we are saying 
that the 2c value of the wind in any direction is 15.7 m/s. Since it is realistic 
to work on probabilities one's estimate of the wind speed will be influenced by its 
likely deployment; a system which will be mounted on a ship is expected to experience 
appreciably greater wind speeds than one which is nearly always deployed well 
inland. 

Open loop, dispersion due to thrust misalignment is reduced by a large static 
margin. It is quite common practice to regard inaccuracies due to tolerances in 
manufacture to have a normal distribution with zero mean and a 2c value equal to 
the tolerance. + 2 milliradians has been taken as the tolerance. 

Fig 6.9-2(c) and (d) show lateral displacements due to the same causes but now 

with an autopilot using an accelerometer and a rate gyro as already discussed. 

The dispersion due to thrust misalignment is seen to be reduced very considerably; 
one should bear in mind that in practice the static margin during boost is likely 
to be very small, possibly even negative. The reduction in dispersion due to a 
sidewind however is disappointing. The behaviour with zero static margin has a 
logical explanation. If the lateral acceleration due to the sidewind is to the 
right the autopilot endeavours to steer the missile to the left; it is the large 
longitudinal acceleration which makes it appear that the autopilot over-compensates. 
Unfortunately the inclusion of instruments in the missile control system means that 
the fin servos are now aware of any instrument biases which would be absent in an 
open loop system. Figs 6.9-2(a) and (b) show the dispersions due to a bias 
equivalent to 6 m/s" on the accelerometer and 0.1 rad/s on the rate gyro. If 

the full scale deflection of the accelerometer is 30g and that of the rate gyro 

is 5 rad/s then these biases (which include any hysteresis effects) represent a 
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tolerance of + 2% of full scale. 
If one accepts these 2c values there appears to be no great virtue in trying to 
point the launcher to extreme accuracy. A tolerance here of + 1° seems reasonable. 
The total 20 dispersion at 1 second after launch when the missile has travelled 
200 m downwind for the missile with a 2% static margin is given by 

20, = 0.562 + 2.122 + 3.74^ + 1.995 + 3.49 = 6.4 m 
where the respective contributions are due to biases on the rate gyro and accelero- 
meter, thrust misalignment, a sidewind and pointing error in that order. If the 
two accelerometer configuration is used then for a comparable performance the 
biases from these instruments have to be lower. This is because increasing the 
gain on one accelerometer by 3 and the other by 2 increases the probable total 
bias by a factor of /3^ + 2^ = 3.6 to l. Set against this the bias from the rate 
gyro does not exist. Also this configuration is less effective in producing 
feedback at low missile velocities, and this is just when it is really wanted. If 
the missile flight path is changing at a given rate an accelerometer will give a 
large signal at a high missile speed and a low signal at a low speed (f, = Ve. U). 
However, if the body turns, a rate gyro will produce a signal independent of missile 
Speed. Rate gyro feedback is extremely useful in the early boost phase. 
Finally it should be noted that if a missile uses thrust vector control the value 
of (е апа №. апа һепсе Yr and n. are not dependent on the speed of the missile. 
In order to resist a turning moment due to thrust misalignment say one relies on 
the product of №5. With aerodynamic control the value of N_ is very low at low 
speeds and this is the main reason why the dispersion with the autopilot used in 
the example is surprisingly large. Better results can be obtained with thrust 
vectored systems. The product kak on. is in the feedback path if the "input" is a 
thrust misalignment or a sidewind, and therefore to a first approximation the 
lateral acceleration will be inversely proportional to this product. Conversely it 
is in the feedforward path if the input is an instrument bias and therefore in 
this context the effect on dispersion is much less. 


6.10 AUTOPILOTS FOR ROLL CONTROL 


In chapter 3 we discussed some of the reasons why it may be desirable or essential 
for a missile to be roll position controlled. If four independent fin servos are 
used then control can be obtained in roll, pitch and yaw. Consider an air-to-air 
homing missile which is roll position stabilised and due largely to the variability 
in the launch speed can have a velocity in the range M = 1.4 to M = 2.8. Table 
6.10-1 shows the variability of the roll derivatives, aerodynamic gain and time 
constant over this range for a missile at a height of 1500m. The roll moment of 


inertia A = 0.96 kg m°. 
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TABLE 6.10-1 ROLL AERODYNAMIC DERIVATIVES, GAINS AND TIME CONSTANTS 


EXEC 


7050 oe 9100 10,200 11,700 13,500 
0.043 0.0385 0.0349 0.0316 0.0278 0.0257 


The RE is referred to equation 4.6-6 for the definition of aerodynamic gain 


and time constant. In order to design the roll loop one must know the maximum 
anticipated induced rolling moment and the desired roll position accuracy. The 
aerodynamicist estimates that the largest rolling moments will occur at M = 2.8 

due to unequal incidence in pitch and yaw and will have a maximum value of 1000 Nm. 
If the maximum missile roll angle permissible is 1/20 rad then the stiffness of 

the loop must be not less than 1000 x 20 - 20,000 Nm/rad. This means that in order 
to balance this disturbing moment we have to use 1000/13,500 rad aileron, and 

this is approximately T dm Fig 6.10-1 shows the roll position control loop with 
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FIG 6.10-1 Roll position control autoptlot 
the demanded roll position equal to zero. Again, the actual servo steady state 
gain - к. has to be negative in order to ensure a negative feedback system. Since 
the steady state roll angle $oss for a constant disturbing torque L is given by 


?oss _ 0.05 1 

SEA UE EE 
it follows that kok must be not less than 20000/13500 = 1.48. If Kg is set at 
unity then ks must be 1.48. The open loop gain is now fixed at 1.48 L/L, = 535. 
In order to determine whether the servo dynamics are likely to be significant 


ignore them for the moment; this means that the loop is now second order with 
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a f = 535/T. - 20,800 СЕЗ amis 144 rad/s. If moria 180 as before the servo will 


contribute considerable phase lag in the frequencies of interest. With 90° phase 
lag due to the pure integrator and nearly 90° phase lag due to the aerodynamic 

time constant we could use a phase lag compensator to lower the crossover frequency 
to reduce the phase lag due to the servo at gain crossover. This can then be 
followed by a phase advance network. If these transfer functions are set to 


1 + 0.055 1 + 0.02575 


then the phase advance numerator cancels the aerodynamic time constant and the 


Bode diagram for the open loop is as shown in Fig 6.10-2 showing healthy gain and 
phase margins. 
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FIG 6.10-2 Bode diagram for roll position control autopilot 
Roll rate control has been used on several missiles; by this one means a method to 
prevent high roll rates. If there are fears that the induced rolling moments could 
be large and there is no specific requirement for roll position control the maximum 
roll rate can be very considerably reduced if a rate gyro, orientated so that its 
sensitive axis is along the missile roll axis, is used to provide feedback into the 
missile servos such that aileron movement opposes roll rate. In the steady state a 
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constant external rolling moment produces a slow roll rate. This is an attractive 
idea if the missile carries rate gyros already in the lateral autopilots; position 
gyros are avoided whenever possible in tactical missiles as they are less robust in 
design than rate gyros. 

A very ingenious method to limit roll rate is to use "rollerons", an entirely 
passive method. A rolleron consists of a hinged tab mounted on the outer trailing 
edge of each wing panel. The tab contains a toothed wheel which is driven at a 
high angular velocity by the impinging air-stream. There is a gyroscopic action 

if the missile has a roll rate as the tab is caused to precess into the airstream. 
If the hinge line is canted at 45° to the missile transverse axis some damping in 
pitch and yaw is also achieved. 

A roll position demand autopilot is required if twist and steer is used. The method 
is similar to that used,for roll position stabilisation except that a demand for 
roll angle from the guidance system now exists. Consider how the two demands R and 
$ will be implemented. In cartesian control elevation and azimuth signals can have 
algebraic signs i.e. for up-down and for left-right. With polar coordinates neither 
R nor $ have signs. This means that R must be interpreted as an "out" demand at 
all times. Now consider what would happen if we use a circular potentiometer on the 
roll position gyro for measuring roll angle. As a potentiometer must have a begin- 
ning and an end, some trouble is taken in designing a potentiometer with as large 
an electrical angle as possible, say 3589. For convenience call this 360? and 
assume that the total voltage across the potentiometer is 18V. Suppose the missile 
is at a roll angle of 10° i.e. the demand is 0.5V. If the guidance now sees the 
target at 350° relative to the missile, the demand must therefore now be equal to 
17.5V. In the absence of sophistication the missile will roll through 340? and if 
it should overshoot beyond 358? the error will appear enormous and it will roll 
round again, and so on. The system appears impractical. 

One way of overcoming this problem is to incorporate logic circuitry. The roll 
demand is compared with the measured roll position in the usual way but before 
passing this signal to the aileron servo amplifiers as a true error signal the 
output is fed to two comparator amplifiers (logic 1 and logic 2) each of which 
drives a transistor switch. If the error voltage exceeds that corresponding to a 
change in position of more than + 180° logic 1 will operate and add a discrete 
voltage equivalent to -360° so that the effective demand is less than 2180 
Similarly if the "error" exceeds -180° logic 2 will operate and add a discrete 
voltage equivalent to +360° so that the effective demand is less than +180°. For 
error voltages equivalent to less than 180° neither logic circuit operates. Such 

a system: 

(a) ensures that the missile selects the shortest way round 
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(b) cannot at any time try to rotate more than 1809. 

The discontinuity at the ends of the potentiometer now no longer presents a 
problem. It is true that the system could oscillate backwards and forwards in this 
dead zone and therefore in one very small sector there is a possible servo error 

of 2°, Fig 6.10-3 illustrates this principle. In a sense a twist and steer system 
seems natural for a homing system because as the missile rolls as a result of a 


IN 
© 


Demand to 
fin 
servos 


Gyro feedback 


FIG 6.10-3 Input logic for roll position demand autoptlot 
guidance command there is inherent roll angle feedback in the guidance loop (the 
guidance receiver rolls with the missile). In order to achieve closed loop 
stability the guidance $ signal will have to be compensated before passing to the 
fin servos. 


6.11 THE EFFECT OF ROLL RATE ON LATERAL AUTOPILOT 
PERFORMANCE 


Consider a cartesian controlled missile with two identical lateral autopilots; 

it is free to roll and the two guidance commands are resolved in the missile as 
discussed in section 5.6. The resolved commands are usually called "demands for 
lateral acceleration in freely rolling missile axes". The achieved total lateral 
acceleration of the missile in space can be regarded as resulting from a lateral 
acceleration along the missile z axis plus another along the missile y axis. These 
two vectors will have vertical and horizontal components such that the achieved 
lateral acceleration in space should ideally be identical to the original demanded 
lateral acceleration, see Fig 6.11-1. 

Now imagine the missile to be rolling at a steady rate p rad/s, and consider for 
the moment a constant up demand; the left-right demand is zero. The elevator and 
rudder servos will be executing simple harmonic motion at a frequency p rad/s and 
it is assumed that the two servos will exhibit equal phase lags of $ at this 
frequency. If at a given instant the missile is at zero roll angle then the 
elevator angle will be reduced by a factor equal to cos Ф. and the rudder servos 
will have a component proportional to sin фе. Fig 6.11-3 shows the respective 
outputs of the two servos to a constant up demand. It is important to realise 
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FIG 6.11-2 Cross coupling between two identical lateral 
autoptlots due to roll rate and fin servo lag 
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FIG 6.11-3 Fin servo outputs for a rolling missile 


that as a result of roll rate and the servo dynamic lag, part of the command in one 
plane actually appears as an output in the other plane. It is easy to see what 
would happen if the servo phase lag at a given roll rate is 90°; an up demand would 
result in a horizontal manoeuvre and one could define this as 100% cross-coupling. 
A phase lag of 5.7° would result in 10% cross-coupling. The same is true if there 
is a demand in the horizontal plane. Hence there is cross-coupling between these 
planes due to the effect of roll rate and the servo phase lag. This will have an 
adverse effect on the accuracy of the system as a whole, and this will be considered 
in the next chapter but for the moment let us see whether the stability of the two- 
plane system is affected. Fig 6.11-2 is a block diagram of the coupled system with 
ШЕ Yo and Y3 the transfer functions of the servo, aerodynamics and total effective 
feedback respectively. We will obtain the transfer function for ТАРИ setting 
fyd = 0. The transfer function БАСТ will be identical provided that for sin bs 
we read - sin bo: If cross-coupling is ignored then 
fy - “уа - ғ, Y3) E COS ф. Yo (6.11-1) 

and m - (12d hs Y3) Үү cos à, Yo (6.11-2) 

The additional signals entering these two loops due to cross-coupling are 
(2d ate Y3) Y} sin Ф. апа (Fig - f, Y3) 5 (- біп Ф.) 

If these two signals are multiplied by Yo and added to the right hand side of 
equations 6.11-1 and 6.11-2 respectively then this represents the coupled situation. 
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If fyd = 0 and we simplify by writing the uncoupled open loop transfer function 
Ү = Үт Yo ү; manipulation yields 


f Y, Y, sin à 
112 
T d (6.11-3) 
Z 


1 + 2Y cos o, + Y 


showing that there is no cross-coupling if Ф< = 0 and the denominator reduces to 
(1 + ү)2. The characteristic equation for each plane is of course 1 + Y = 0. 
For marginal stability, using Nyquist's criterion 

2Y cos &, + 12 = - 1 (6.11-4) 
For és > 0 the complex roots are 


Y = - cos $. + sin А j 
Ef Ф. is less than about 30° we can write 
р үйр on] 
Considering the root Y = - 1 + és j this is saying that for marginal stability the 


open loop phase instead of being -1809 is now -180° + фе: in other words for small 
roll rates the autopilot phase margin is reduced by the servo phase lag at the 

roll frequency. Or more correctly one should remember that in originally assessing 
phase margin for the zero roll rate case the servo lag at gain crossover frequency 
was already included in the open loop transfer function Y. Hence one must shift 
the frequency axis for the servo by an amount equal to the roll rate. If therefore 
the roll rate is taken at p rad/s and one is considering a frequency o in the 
stability analysis then the servo frequency must be taken as (o * p) rad/s. A 
fuller treatment is given by Frary (5) who confirms these general conclusions, but 
by an entirely different approach. This destabilising effect of roll rate explains 
why most lateral autopilots are designed with a fairly large phase margin at zero 
roll rate, typically 509 or more. 

Frary also considers the inertial cross-coupling effects together with the contribu- 
tion from the Magnus derivatives. The Magnus effect is easily appreciated if one 
considers a cylinder spinning about its longitudinal axis in still air. If the 
same cylinder is also moving perpendicular to this axis the surface velocities 
relative to the airstream on either side of the cylinder are unequal. This 
produces a difference in the boundary layer thickness resulting in a force at right 
angles to the direction of motion. Hence, if a missile is rolling and has a component 
of lateral velocity, a force at right angles to this velocity will be experienced. 
The derivatives are of the form y ү апа Zov and the forces are functions of roll 
rate multiplied by lateral velocity. It is found that for a typical anti-aircraft 
missile the Magnus terms will appreciably alter the airframe response only for roll 
rates above 200 rad/s. Several modern supersonic missiles which are free to roll 
have been observed to roll at very low rates throughout an engagement; 20 rad/s 
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would be regarded as an abnormally high roll rate. Hence Frary concludes that 

the Magnus effect can be safely neglected in the great majority of systems. 

The effect of the inertia cross-coupling terms however can be reckonable. In 
arriving at equations 4.2-11 and 4.2-12 the roll rate was assumed to be small. If 
the roll rate is large then for a symmetrical missile these equations become 


i- (yr =g (6.11-5) 
and r - ее t (6.11-6) 


These new equations can now be used together with the angle equations and force 
equations to obtain the aerodynamic transfer functions which will be a function of 
roll rate. Since the lateral moments of inertia B and C are much greater than the 
roll moment of inertia A the functions in brackets approximate to unity for most 
missiles. Frary found that the typical surface-to-air missile went unstable open 
loop at a roll rate of 135 rad/s; the effect closed loop was however, much less. 
This will surprise most readers who know that a conventional shell is spun at a 
very high rate in order to make it aerodynamically stable. However, a paper by 
Murphy (8) concludes that in certain regimes and configurations a statically stable 
missile may be made dynamically unstable above a certain spin rate. 

The general conclusions are therefore that provided roll rates are not really high 
then Magnus and inertial cross-coupling effects should be very small. However, 
even moderate roll rates can unstablise a two plane autopilot due to cross-coupling 
unless the servo response is really fast. 


6.12 AUTOPILOTS AND A CHANGING ENVIRONMENT 
We have already discussed the factors that are responsible for the variations in 
the gains, time constants etc in an autopilot i.e. mass changes due to propellant 
usage, changes in speed and height and changes in static margin. Mass and inertia 
changes are relatively small and considerable changes in static margin can be 
accommodated in a well designed autopilot. However, large changes in speed and 
height will result in such substantial changes in the important aerodynamic 
derivatives that it will become essential to vary at least one of the gains in 
the loop in order to maintain a satisfactory response. Clearly the feedback gain 
must be kept constant to maintain the closed loop d.c. gain. In practice the 
feedforward gain is easily controlled by varying the gain of the amplifier which 
sums the input demand and feedback signals. But to vary this parameter only will 
rarely be sufficient to maintain adequate damping as well. In the lateral autopilot 
using an accelerometer and a rate gyro one could alter the effective rate gyro 
gain; in the two accelerometer case good control over damping can be obtained by 
varying the rear accelerometer lag time constant. Roll position control autopilots 
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are altogether simpler as the aerodynamic gain L/L, will not change at all with 
changes in air density and is not very sensitive to changes in speed. The aero- 
dynamic time constant however can undergo large changes. A simple gain change 
may be all that is necessary. If it is a roll position demand loop the closed loop 
gain will not change at all with aerodynamic variations since it is a type 1 system. 
Changes in gains and time constants are easily effected by switching in different 
values of resistance and capacitance used in conjunction with operational amplifiers. 
In the case of a surface-to-air system there will probably be a computer associated 
with the surveillance and guidance system. The velocity of the missile as a function 
of time will be known within reasonable limits, and the tracker elevation angle 
together with a knowledge of time and hence missile range will enable an estimate 
of missile height to be made. Commands from the guidance computer can be made to 
operate solid state Switches in the missile to effect the necessary changes. The 
number of switching zones is kept to a minimum. Conversely, the missile can be 
independent of the ground in this respect and can effect the necessary changes if 
some measurements concerning the aerodynamic environment are made. Since all 
normal force derivatives are proportional to 3 3s and are not very sensitive to 
Mach number an approximation to the dynamic pressure can be obtained by connecting 
one side of a diaphragm to a number of pitot intakes on the missile body, and the 
other side to the static head. As a result the differential pressure and hence 
resultant force on the diaphragm is nearly proportional to the dynamic pressure 
if the range of Mach number is not too great. The electrical signal from a 
simple pressure transducer can be made to change gains and time constants in the 
autopilot. 

Such autopilots are not truly "adaptive" in the generally accepted sense. Model 
reference systems are used on many large aircraft and despite their relative 
complexity the cost of such systems is still small compared with the cost of the 
aircraft. The cost of such a system has, as far as is known, precluded their use 
in guided weapons; the simpler system described above, after all, does the job 
reasonably well. However, an interesting suggestion of a comparatively simple 
model reference system has been suggested by Lewis (11) and has been further 
developed by Porter (12). The general overall arrangement, as with all model 
reference systems, is as shown in Fig 6.12-1. 

The ideal model of the autopilot is contained within the missile and the ideal 
response is compared with the actual response. The difference between these two 
outputs is clearly an "error". The conventional adaptive system aims to adjust 
one or more system parameters in response to some function of this error. This is 
not a simple process. However, Lewis proposes that an additional adaptive command 
is issued to the autopilot (if the error is greater than a given tolerance), such 
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FIG 6.12-1 Model reference closed-loop system 


as to minimise the error function. There is a problem with the stability of such 
a scheme and Porter examines the concept in greater detail. 


6.13 AZIMUTH CONTROL BY GYROS AND ACCELEROMETERS 
There are many missile systems which use a surveillance system to determine the 
height and direction of a target. The missile uses homing guidance when it is 
near to the target, say at a range of 2-5 km and relies on azimuth guidance from a 
gyro during the mid-course sustain phase. The azimuth autopilot is similar to 
that used in a velocity control system except that there may be no commands at all. 
Such systems typically have flight times up to 100 seconds and sustain at a 
velocity about 250 m/s; this low velocity results in a greatly reduced drag. One 
uses a much higher quality azimuth gyro than would be used in an anti-tank weapon 
with a random drift rate typically of 50 /hour and a anisoelastic drift rate of 
1.50 /hour/g* . Gyros used to keep a missile on course for a comparatively long time 
are usually called "guidance" gyros. Since the missile homing head has a limited 
angle of look one has to estimate the maximum likely look-out angle when the 
missile enters the terminal homing phase. There are many causes of error in such a 
trajectory: 
(a) We may not have aimed correctly in the first place or the target may have 
moved an unknown amount during the missile flight. 
(b) The gyro will drift during boost. 
(c) The gyro will drift (more slowly) during the sustain phase. 
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(d) The missile will drift downwind due to a side wind. The azimuth gyro will do 
nothing to correct this in the long term as all it knows is the direction of the 
body, not the direction of the velocity vector. 

If the missile is sustaining at a constant velocity and we are considering long 
times of flight it is reasonable to assume that a given change in body direction 
will result in the same change in flight path direction. Thus, if the gyro drifts 
by an amount y the missile flight path will also change by y. Let 

R = the range from the launcher at the commencement of the engagement to the 
target at impact. 


r = the range from the missile to the target at the start of the homing phase. 
Ф| = the error in aiming. 
V = the gyro drift during boost. 
- the gyro drift rate during the sustain phase assumed constant. 
NS the component of wind perpendicular to the flight path. 


the time to reach a range of R - r = (R - г) /Un» see Fig 6.13-1. 


Y ty + ШТ 


FIG 6.13-1 Geometry of engagement, plan view 
Assuming the missile range after boost is negligible and making small angle approxi- 
mations then the total lateral displacement 6 at a range R - r is given by 


Ф 
8 = (фу + V5)(R - r) S ише dt + UT 
0 


and the angle of look 6 is given by 6/r + V + Vo + wT. This reduces to 


U 
e = y (1 ыту + Кп) er) ‚у. ү (6.1351) 
m m 


Since these four components can be assumed to be uncorrelated one can estimate the 
probable dispersion if the lo values of each are known. In addition it is seen 

that even if errors due to aiming and gyro drift can be made negligible, nevertheless 
the dispersion due to a sidewind can be considerable e.g. 1 km in a range of 25 km 

if the sidewind is 10 m/s and the missile speed is 250 m/s. The alternative is to 
use a "cross-track navigator" which employs negative feedback from a very low bias 
accelerometer mounted on a gyro gimbal such that its sensitive axis is truly 
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horizontal and perpendicular to the missile original heading. It is absolutely 
essential that this accelerometer does not sense a component of gravity due to 
being off level otherwise spurious signals integrated over a long flight time 
could result in a large dispersion. However it may be possible to employ a gyro 
which is slightly pendulous to prevent drift. In the absence of biases this 
system has the potential of eliminating dispersion since any sideways component of 
velocity due to any cause will show initially as an output from the accelerometer. 
Reference (4) gives some particulars of systems with a cruise phase under instru- 
ment control. 


6.14 HEIGHT CONTROL AND SEA SKIMMING SYSTEMS 
Many countries have designed guided weapon systems to fly low or very low under 
altimeter control in order to remain below the enemy's radar horizon during most 
of the flight. This includes remotely piloted vehicles used for surveillance and 
target designation and anti-ship missiles whose flight path lies wholly over the 
sea. If one wishes to fly at a height of 100 m or more the accuracy of a barometric 
altimeter or even a piezo electric pressure transducer is usually good enough to 
prevent one from hitting the ground or sea. Moreover most land surveillance 
vehicles are fitted with television cameras which continuously transmit a picture 
of the terrain back to the operator who has direct control over its height and 
course; controlling such a vehicle so that it does not hit the ground is not generally 
regarded as being difficult. Now, even a rough sea is more or less level, and in 
general it is possible to fly much lower over the sea with the same chance of 
"ditching". If one is thinking of flying at a height of 10 m or less above mean 
sea level one must know something about the sea state and one must use an altimeter 
with a very small bias. This section is therefore primarily concerned with the 
problem of flying very low over the sea solely under altimeter control. 
We now consider the sea spectrum. There is a great deal of literature both 
theoretical and based on actual measurements concerning ocean waves. An early but 
fundamental text is given by Darbyshire (6). There is a wealth of observed data 
in "Ocean Wave Statistics" (7) and "Standard Wave Spectra" (8). In the same way 
that wind speeds are denoted by numbers on the Beaufort scale, so the international 
sea state is denoted by numbers from 1 to 6. This number is defined by a 
parameter known as the significant wave height Heig which is the average of the 
highest third of all the waves recorded in a specified interval. Hig is more 
usually written as Hard, and the values are invariably quoted as peak to trough 
values. There is some agreement that a typical sea state can be considered as a 
random collection of sine waves with a Gaussian distribution of amplitudes and a 
narrow frequency distribution dependent on the sea state. The relationship between 
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Hard and the standard deviation o is given by Hard - 4c where c is of course measured 
about ZocaZ mean sea level. 
Now the sea state is undoubtedly due to the wind speed but it is not possible to 
give an exact relationship between Hard and wind speed as it depends also on 
how long the wind has been blowing, the distance over which it has been acting 
(called the fetch), the depth of the water, and whether the sea is affected by 
swell (due to a wind which is, or has been blowing elsewhere). So although a 
generally accepted equation concerning sea state will be given, it must be pointed 
out that it is empirical. The Pierson-Moskowitz spectrum is a standard accepted 
internationally as a one dimension spectrum for a stationary observer for the 
case of a fully developed sea in deep water and is given by 


-4 x 0.78 
Oe we SU MEE a 
9. (w) sima er m rad 65 (6.14-1) 


t) 


Y $ Pm 
Jh Ф dw = (Hard/4)° = c 


Figs 6.14-1 (a), (b) and (c) have been drawn for different sea states. It is 
interesting to note that according to Hogben and Lamb (7) the most probable value 
for Hard off Cornwall for the whole year is 0.75 m and is 1.8 m for the North 
Atlantic. It is seen from these figures that for a rough sea (Hard - 4m) the 
spectrum is narrowly centred about 0.6 rad/s or thereabouts and this corresponds 


It will be noted that 


to one wave every 10 secs. The main frequencies are about double this for Hard = Im 
but the spectrum is somewhat wider. If the wave frequency is ig (Hz), c the 
velocity of wave propagation and dw the wavelength then 


hy = у and с = 7S 


27 fu wW 


These frequencies are of course for a stationary observer. If the missile velocity 
is at an angle a to the wave direction the wave frequency as seen by the missile 


Us is given by 2 
Un COS о ШАГ COSE 


ieee hiis d Un (6.14-2) 


If, for example T is taken as 0.1 Hz and Un - 300 m/s, the frequency as seen by 
the missile could be anything from zero to 2 Hz, depending mainly on the direction 
of the missile velocity relative to the wave velocity but would be up to 3-4 Hz 
for the shorter wavelengths more characteristic of a calmer sea. If the height 
lock system approximates to a second order system with an undamped natural 
frequency of 2т x 3 rad/s and a damping ratio of 0.5 then the steady state error 
for a sinusoidal input at this frequency (i.e. 3 Hz) is also a sinusoid whose 
amplitude is v2 times the input amplitude. This is equivalent to flying precisely 
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FIG 6.14-1 Sea spectrum for different sea states 
level with a virtual input v2 times the real input amplitude! Since it will be 
shown that the system bandwidth is unlikely to exceed 4 rad/s we must regretfully 
come to the conclusion that it will not be possible to follow the sea profile at 
all. In other words more often than not the output of the height lock system will 
be 90° or more out of phase with the input and the mean following error is likely 
to be larger than the mean deviation in sea height. 
Fig 6.14-2 shows one type of height control system. Accelerometer and rate gyro 
feedback in the vertical plane ensure a reasonably well damped and consistent 
response from the missile. Since height is the double integral of vertical 
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FIG 6.14-2 A height control system 
acceleration there are two inherent integrations in the complete system if altimeter 
feedback is also used. A good deal of phase advance is essential to ensure loop 
stability. The problem of loop stability is eased somewhat if the phase lag due 
to the autopilot at gain cross-over frequency is almost negligible, say 59 35091 
This can be achieved if the loop gain is very low, say 4 or less and the autopilot 
bandwidth is at least 10 times the loop gain cross-over frequency; this latter 
frequency would be 2 rad/s if the loop gain is 4, and rather more than this allowing 
for the phase advance networks. It may be impractical to obtain a very fast auto- 
pilot if the missile is subsonic and is on the big side, say over 150 kg. Since 
the altimeter sees the difference between the missile height and the instantaneous 
sea height (which is noisy) applying phase advance to the altimeter signal direct 
may result in saturation of the missile servos. This can be avoided if the 
accelerometer and altimeter signals are mixed and filtered to produce the same 
effect; some ingenuity is called for here: Gravity compensation is easily provided. 
If the autopilot steady state gain is x m/s? /volt then a constant input bias 
voltage into the autopilot of g/x volts should result in a zero steady state height 
error in the absence of any other biases in the system. An alternative height 
lock loop can be designed using pitch gyro and altimeter feedback. Provided the 
missile speed is roughly constant a fixed input bias voltage can be used to result 
in just enough "nose up" body angle to give a normal force equivalent to lg. 
We now consider at what height the missile should be set to fly. A glance at "Jane's 
Fighting Ships" (10) will convince one that a typical cruiser or aircraft carrier 
may well be an easy target but the small missile corvettes or fast attack craft 
such as the Russian Osa class boats present a very low profile. Does one therefore 
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fly relatively high with a very low probability of hitting a wave crest and then 
probably overfly the target, or does one fly lower and accept a small ditching 
probability? This question must be taken seriously especially as it is common 
knowledge that lethality increases the lower one hits a ship. Let us take a 
typical engagement with a range of 24 km, a missile velocity of 300 m/s and a 
flight time of 80 seconds. Firstly one must consider component biases. If an 
accelerometer is used and 50 m/s* full scale deflection is adequate, a tolerance 
of 1% full scale (2e value) is 0.5 п/52. Тһе rate gyro probably produces ап 
equivalent bias. If one is thinking of a very low chance of ditching, say 0.5%, 
one could take a 2.80 value which, assuming a normal distribution gives one a 99.5% 
chance of any one value being less than this. The total 2.80 acceleration bias is 
therefore 1.4 0.5 + 0.52 = 1 m/s’. If the loop gain is 2 then the steady state 


height error is 1/2 = 0.5 m; this is because the loop gain or "stiffness" is 2 m/s? /m 


(height error). To this one must add a figure for the altimeter error. If the 2c 
value is taken as the tolerance, say 0.5m then the 2.80 value is 0.7m. These two 
biases add to 6.52 + 0.72 


given by наға = 1, 2 and 4m and assume for the moment that the sea state is approx- 


= 0.86 m. Now consider three particular sea states 


imately measured before the flight. If we take 2.80 values for the sea state also 
and add say 25% to allow for the fact that the following error is likely to be 
greater than the sea "input" then a crude estimate of the mean height above sea 
level that a missile should be demanded to fly is shown in Table 6.14-1. 

TABLE 6.14-1 ROUGH ESTIMATES OF "SAFE" HEIGHT TO FLY 


ОВЕ EAN 
Instrument errors 
Total following error 


Add 0.4m for half wing span 


Add 0.5m for incorrect estimation of sea state 


The sea spectrum is obtained by weather ships by analysing the records of specially 
instrumented buoys. The question of estimating the sea state under service 
conditions is therefore a difficult one although experienced sailors will say that 
they can judge the sea state accurately. Without experience however, estimates can 
be very unreliable; it is very difficult if the weapon is carried in a helicopter 
and the sea state has to be judged from the air. An arbitrary figure of 0.5m 

has been added in Table 6.14-1 to allow for this uncertainty. It will be noted 
however that the chances of hitting a wave must increase with time; the longer the 
flight the greater will be the number of waves that are encountered. The "best" 
height to fly therefore will also depend on the time of flight. 
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An alternative is for the missile to estimate the sea state during the long run 
in period and to drop to a lower height during the last few seconds of the 
engagement. Consider now a perfectly smooth sea. The difference between the 
demanded height and the measured height must be zero if there are no biases in the 
autopilot. A bias in the altimeter will not result in a permanent error signal 
as this would cause the missile to have a constant vertical acceleration; this 
missile bias merely causes the missile to fly at the wrong height. If proportional 
plus integral control is used with a very long integrating time constant the 
height error signal will be reduced to zero and the stability of the loop will 
hardly be affected. In the presence of a real sea the error signal will be noisy 
but will have a zero mean. If the error is squared and then square rooted, the 
resulting signal, if integrated over a period of 10 seconds or more, should be an 
accurate measure of the,sea state. The height to fly, after this sampling period, 
can be computed from a simple law thus 

ha = ПХ +С 
where с allows for altimeter bias, wing size etc, x is the measured sea state and 
m is a constant. Moreover, if the integrating time is say 10 seconds, then this 
computed best height will be continuously updated as the engagement proceeds. 


6.15 VERTICAL LAUNCH AUTOPILOTS 


Some of the desirable characteristics of launching a missile vertically and then 
turning it over to the required direction have been mentioned in section 3.6 when 
considering thrust vector control. There are many more considerations, for and 
against. If it is a ship-borne missile and it is stored vertically in its own 
cannister ready to fire, it is not restricted to a limited firing arc due to 
obstructions caused by the ship'sstructure. On the other hand it can be argued 
that if one can afford two conventional deck mounted launchers the question of 
overall system blind arcs should not arise. It can also be argued that a vertically 
launched missile poses a slightly increased threat to ship safety in the case of 

a partial misfire. Moreover there is a problem of getting rid of the exhaust 

gases from the missile. Perhaps the greatest advantage of vertical launch is the 
increased rate of fire that is possible since all the missiles can be fired almost 
simultaneously at multiple targets arriving at closely spaced intervals. A single 
ejection point and a carousel type of missile feed is a possibility. However, if 
semi-active terminal homing is used, one is still limited by the number of target 
illuminators. Another advantage of vertical launch whether from a ship or not 

is that system reaction time will be reduced by about two seconds. Typically it 
takes about three seconds to train and elevate a launcher (assuming about 909 slew) 
but up to about one second is "wasted" in launching vertically instead of in the 
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correct direction. There is an additional argument for vertical launch for ground 
launched missiles. On a great many sites it will be found that there are a 


surprising number of blind arcs at low angles of elevation due to terrain screening. 


Sites at the top of isolated hills are not always available: A missile that is 
launched vertically and turned over at a height of about 50m will avoid most of 
these difficulties. However, this will require a specially elevated target 
tracker/illuminator and this poses a lot of engineering problems. And finally, 
although one is saving the cost and weight of a trainable launcher, a slightly 
heavier and costlier missile will be inevitable (15). 

We now consider possible autopilot arrangements. Firstly, a simple boost-coast 
type of propulsion system, despite its simplicity, will certainly not be ideal. 

If the missile body is turned by TVC at a fairly high missile forward velocity the 
induced drag will be considerable and a lot of propellant will be wasted. It is 
logical to turn the body at a low velocity and then increase the motor thrust to 
full boost; this precludes the possibility of a simple propulsion motor. Secondly 
we have to decide whether to use aerodynamic control or not for the turn-over 
phase. Only detailed simulation will give the real answer in any given case but 
aerodynamic control will result in the missile taking much longer to turn; it 

will rise to a much greater height and the turn will be less efficient from the 
induced drag aspect. ТҮС will result in a much tighter, quicker and efficient 
turn. However, assuming that the missile is a homer and has to be roll position 
controlled at the end of the turn to facilitate target acquisition by the homing 
head, what sort of TVC does one use? The twin swivel nozzle system discussed in 
section 3.7 is ideal for this application and could meet almost any conceivable 
specification. It is of course relatively expensive and heavy and will result in 
a longer missile. A single swivel nozzle is much less costly but roll control 
would have to be provided either by tangential thrusters or by aerodynamic means. 
If roll control is done aerodynamically, the complete operation will certainly 
take longer, probably an additional 0.5 second. The tightest possible turn will 
be made if the servos are hard over for approximately half of the turn and fully 
reversed during the latter half since the aerodynamic damping is so small. This is 
very easily programmed. However, this may lead to unacceptably large missile 
incidences and excessive induced rolling moments, and the demand to the servos may 
have to be modified as the result of simulation (16). 

And finally, how do we control after boost? If there is a coast phase then sub- 
sequent control will have to be by aerodynamic means. This means either separate 
actuators for the control fins or controlling them in parallel with the hydraulic 
TVC servos. Both methods must be considered as the choice is not obvious. If 
however, there is a motor-sustain phase, control by TVC all the way may be possible 
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for near-stationary targets, but would certainly be inadequate for fast-moving 
targets; the reader is referred to section 4.8. 

What sort of instrumentation is necessary for a vertical launch autopilot? If 

the missile is a homer the requirement will be for the missile to be pointing in a 
given direction in space after turnover so that the homing head can acquire the 
target. The accuracy requirement is likely to be in the range + 2 or 32 pointing 
error. Variations in achieved height or cross-range of a few tens of metres 

would hardly be significant if the target is 2 or 3 km away. If ordinary gimballed 
free gyros are used to measure missile attitude then there will be a gyro toppling 
problem. Rather elaborate systems involving extra gimbals have been designed and 
used quite successfully to overcome this problem but, as with most systems involving 
mechanical complication, they are expensive. British Aerospace has designed a 

"free rotor gyroscope" which is essentially a free-spinning ball supported by an 
air bearing. There are no gimbals and the instrument has unlimited angular freedom. 
A pattern of light and dark areas is inscribed on the rotor and three light sources 
and photoelectric pick-off devices are mounted on the gyro case. As with any other 
free gyro, angular information about the gyro spin axis is not available; so for 
control about three axes, two gyros would be required. We therefore demand a 
change of attitude tm space and measure the achieved attitude Zw space. Тһе 
actuating signal is the difference between these two quantities. Bearing in mind 
that the missile will be stacked vertically with the missile z axis pointing 
horizontally in a given direction, it is easy to see that all vertical launches 
consist of a turnover in one plane only. If the direction happens to be in this 
original z direction then the demands will go to the elevators only. If the 
required direction is in the original missile y direction the demand must go to 

the rudders only. Any other final direction will require the demand to be shared 
by elevators and rudders. In other words the guidance computer has to resolve the 
demand. As with any other angular position autopilot (see section 6.8) some 
angular rate feedback also will be necessary to ensure closed loop stability. If 
the pick-off information from a free rotor gyro is too noisy to permit the use of 

a phase advance network then a rate gyro/channel will be necessary also. 

An alternative scheme which will certainly require only one instrument per closed 
loop: is to use strap-down instruments i.e. rate gyros. Angular position information 
can be obtained by integrating the respective outputs. Since the integrating 

times are very short, errors in computed attitude should not be too great. However, 
some caution is required in selecting the rate gyro. If a very quick turn is 
required the maximum angular rates can be extremely high, of the order of 400°/s or 
more. If the instrument saturates the computed angular position could be grossly 
in error. If the rate gyro dynamic range extends to 500°/s then a bias of 1% of 
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full scale could mean an error of 5° over a period of 1 second! However, there is 
a fundamental difference when using strap-down instruments. Rate gyros measure 
angular rates in freely rotating missile axes; they measure the rates p, q andr. 
We are demanding positions (and hence rates) with respect to a known axis system 
in space. If two sets of right-handed orthogonal axes are related to each other 
by three rotations ф, Ө and y taken Zn that order then the equations relating 

body fixed rates to "Eulerian" rates (in our case with respect to the earth) are 


given by: 
ф= р + да ѕіп ф tan Ө + г cos ф tan ө 
ô = cos à -rsin ¢ 
b = sin ф sec 0 + r cos ф sec 0 


The inverse axis transformation is given by 
p-ó - ) sin 0 
(of = 
r= - 


cos ф + j Sin à cos Ө 
sin ф + j cos ф cos Ө 
A possible arrangement with rate gyros is shown in Fig 6.15-1. In order to know 


б 
б 


the Eulerian rates resulting from p, q and ғ in the missile one needs to know the 
initial values of ф, ө and y (the missile may be on a moving platform) which are 
obtained using the first set of equations above. If these rates are integrated 

then the updated values of $, Ө and y are available. Conversely when demanding 
angular rates from the missile the inverse operation must be carried out. These 

axis transformation equations are usually expressed in matrix form for ease of 
solution by digital means. The use of rate gyros means that both position and rate 
feedback are available. Additional compensation networks may or may not be necessary. 
To carry out these computations on board the missile, a fast acting digital computer 
is essential. (One such system uses a commercial process computer with a capacity 

of 2.25k of memory, 1.25k being actually required. It executes all the control 
equations including self-test routines in 1.25ms whereas a time interval of 2.85ms 

is available at the chosen sample rate of 350 Hz. 32 bit fixed point multiplication 
is used. The fast computing speed is obtained by the addition of a special multi- 
plication unit, a memory-type trigonometric function unit and an improved memory (13). 
If vertical launch is to be employed with a line of sight system, the autopilot 

design is more difficult. Not only does the missile have to be pointing approximately 
in the right direction but also it must finish inside the beamwidth of the: missile 
tracker. Accelerometers would have to be used so that the position in space could 

be computed. As far as is known such an autopilot has not been designed. 


6.16 THE EFFECT OF FIN SERVO SATURATION 


Since the input to an autopilot is invariably noisy it follows that the fin (or 
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thrust vector) servos may easily become saturated. One obvious result of this is 
that the servos will not be able to implement true commands as accurately as they 
should. However, if saturation does not last long the system may well be in a 
position to recover completely. But saturation can have other less obvious effects. 
Consider a position servo with a sinusoidal input at a given amplitude and frequency. 
If the amplitude is small the servo will follow this input with a given amplitude 
ratio and phase lag. If now the amplitude or frequency is say doubled then the 
maximum angular velocity required at the output is doubled. Now the maximum 
velocity of any servo is limited: it is limited by the supply voltage in the case 
of an armature controlled electric servo and it is limited by the maximum valve 
opening in a hydraulic or pneumatic servo. Limiting on velocity must result in a 
dynamic performance which is inferior to that which is defined by the nominal 
transfer function. A transfer function only defines a linear system and this 
amongst other things implies that saturation does not occur. Significant rate 
limiting must result in an inferior response in the time domain as it will take 
longer to implement any demand. In the frequency domain this results in a slightly 
smaller amplitude ratio and a considerably increased phase lag. Now the great 
number of autopilots rely on a very fast servo response to maintain loop stability. 
An increase in phase lag from the servo in the frequencies of interest will have a 
destabilising effect on the autopilot. “Rate limiting" as it is usually called 
would have to be really severe to unstabilise the autopilot completely. Nevertheless 
a significant reduction in autopilot stability implies a reduction in the effective 
damping and this means that the r.m.s. output of the autopilot due to noise is 
increased. This decreases the accuracy of the system and in addition decreases the 
effective range of the system due to the increased induced drag. Since noise will 
never consist of one amplitude and one frequency one can assume that what is 
important is the r.m.s. fin rate due to noise. If this r.m.s. rate approaches or 
exceeds the maximum velocity attainable by the servo then the system effectiveness 
is approaching one of the critical limits. This is the basic reason why missile 
servo specifications in general call for such a good dynamic performance. A 

design which calls for a high aerodynamic gain (e.g. zero static margin) and a low 
servo gain will help the servo designer in this respect. 

We now consider the likely effect angle limiting will have on the servo performance 
since all fin servos or thrust vector servos are constructed with mechanical stops 
to limit the angular travel. Angle limiting will clearly have the effect of 
reducing the r.m.s. gain of the servo. If the servo is not limiting on rate it 
means that the time (or frequency) response must be improved as the servo will not 
have to work so hard had there been no limits. This will usually show as a small 
reduction in phase lag at any given frequency. 
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Finally, it should be pointed out that the precise simulation of limiting is 
difficult (e.g. does the fin velocity fall to zero when a mechanical stop is 
reached, or does the load bounce?). An investigation of the effect of the servo 
dynamics on the autopilot performance is best done with the actual servo in situ 
with simulated aerodynamics and instrument feedback. Such simulations that have 
been carried out by the author suggest that in practice rate limiting is more 
likely to have a significant effect on the autopilot performance and since the 
effect is invariably bad one concludes that a realistic specification for the fin 
servos is essential. It is very easy to over-specify so that one is on the safe 
Side but this often results in a lot of extra development work, instead of being 
able to use a conventional or existing design. 


6.17 DIGITAL AUTOPILOTS 
Despite the fact that most missile servos require an analogue input and the feed- 
back transducer is analogue, and that most autopilot instruments give analogue 
outputs, there are those who claim many advantages from digital control. Firstly, 
it can be cheaper especially now that digital circuitry and digital computers are 
so well developed; many electronic functions can be time shared. An undoubted 
advantage is the flexibility and adaptability because the computer can be programmed 
to make logical decisions and because these programmes can be so easily changed if 
desired. Also self-test routines can be built in without too much extra cost. 
There is really no limit to the dynamic range as more bits can be added to the word 
length. Digital circuitry does not suffer from drift. And finally there seems to 
be general argreement that digital circuits are more reliable than analogue. Indeed, 
the vertical launch autopilot described in section 6.15 would just not be feasible 
without an on-board digital computer. 
Nevertheless digital control has certain disadvantages and brings its own problems. 
Analogue to digital and digital to analogue interfaces are required and sampling 
rates have to be high and word lengths have to be compatible with these data rates; 
this aspect is discussed in section 7.6. And lastly, software has to be organised, 
programmed and debugged. 
It is the author's opinion that digital control is more likely to be used in a 
homing missile than in a line of sight missile. In a homing system it is possible 
to compute the best possible trajectory to intercept the target and this will 
certainly need an on-board computer. This is not really feasible in a LOS system; 
this aspect is discussed in more detail at the end of the next chapter. In all 
systems digital circuitry is ideal for data processing associated with fuzing, but 
with a homing missile there are the additional functions associated with guidance 
and signal detection, optimal guidance laws, and homing head stabilisation. А 
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paper by Nesline and Nabbefeld (14) discusses the manipulation of autopilot gains 
as a result of changing flight conditions and the means of compensating for aero- 
dynamic cross-coupling. Also, with digital control it is possible to prevent an 
actuator from rate limiting thus avoiding the possibility of unstabilising the 
autopilot. The design of a digital autopilot designed for the rapid launching of 
an airborne missile in any specified direction without changing aircraft or 
launcher orientation is given by Klestadt (17). 
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CHAPTER 7 
LINE OF SIGHT GUIDANCE LOOPS 


7.1 THE EFFECT OF TARGET AND MISSILE MOTION ON 
MISSILE “С” REQUIREMENTS 

There are many types of LOS systems but before examining some of the differences 
between them we shall consider some of the common aspects. LOS systems can be 
called "3 point guidance" systems since there is one point which defines the 
tracker, another the target and a third which defines the position of the missile. 
The object of the guidance system is to constrain the missile to lie as nearly as 
possible on the line joining the tracker and the target called the line of sight 
(LOS). The concept is simple and can be implemented in many ways; perhaps it is 
this apparent simplicity which explains why the majority of guided weapon systems 
as yet designed are LOS systems. Nevertheless they all exhibit some fundamental 
characteristics which limit their performance and coverage. 
Consider a target flying straight and at constant speed, and a missile flying ata 
different but constant speed, having been launched when the target occupies a 
position То» see Fig 7.1-1. The plane containing the target velocity vector and 
the tracker is called the flyplane. After intervals of time of 1, 2, 3 etc seconds 
the LOS is shown as 0r, 07, 07 etc. Since the missile ideally always lies оп these 


CROSSING DISTANCE 
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FIG 7.1-1 A typical missile trajectory for a moving target 
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lines the flight path will be a curved one and, for an approaching target, the 
curvature becomes increasingly severe towards the end of the engagement. We note 
that the tangent to the flight path at any one point defines the instantaneous 
direction of the missile velocity. It is seen that the missile velocity vector 
will, in general, not be directed along the LOS; towards the end of the engagement 
it may be at a considerable angle to it. 

Since a LOS is often referred to as a beam, let us call this angle "the trajectory- 
to-beam angle". However, what is really significant is the body-to-beam angle 

and this will exceed the trajectory-to-beam angle by the angle of incidence. The 
reader can check this by noting from Fig 7.1-1 that the lateral acceleration must 
be to the left looking down the missile flight path; this means that the relative 
wind must be coming on to the missile's right side and therefore the front end of 
the missile must be to the left of the flight path. 

In some LOS systems the missile carries a beacon to transmit position information 
to the ground tracker. The beacon will have a limited beam-width and if the body- 
to-beam angle exceeds this a serious loss of signal will result. If one tracks 
the missile with the aid of retroreflectors the same argument applies since their 
effectiveness falls off with increasing. angle. А 409 limit is often quoted as 
reasonable for beacons, 459 for retroreflectors, and 509 for beam-riding and 
command link receivers. These figures are only typical ones but whatever value 

is agreed upon for a given system, a constraint on the missile coverage will 
automatically follow. Body-to-beam angle is also an important parameter since the 
missile has to develop a component of acceleration perpendicular to the beam due 
to the beam motion, and as the body-to-beam angle approaches 90? so does the 
aerodynamic manoeuvring force developed perpendicular to the missile body become 
less and less effective. This leads to larger and larger demands for lateral 
acceleration ("latax"). 

If now a body is moving along a rotating line at a velocity U then it will 
experience an acceleration perpendicular to the line equal to the Coriolis component 
(2U8) + a component equal to Re where R is the distance from the stationary centre 
of rotation. When the velocity vector Un is at an angle 9m to this line and the 
lateral acceleration is assumed to be developed perpendicular to the velocity 
vector we find that the Coriolis component is unchanged because the component of 
xe along the line (the LOS in our case) is reduced by a factor equal to 

COS сы; but the useful component of latax (i.e. that component perpendicular to the 
LOS) is also proportional to cos og. However the latax the missile has to pull 
due to the Ө term is increased by a factor equal to 1/cos Om If in addition the 
missile has a component of acceleration Ü in the direction of the velocity vector 
(i.e. it is accelerating or decelerating in the conventional sense) there will be 
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a component of acceleration perpendicular to the beam of ІШ sin On Hence we can 
write down the latax required perpendicular to the velocity vector for a missile 
at a range Ra from the tracker due to a target at Ry from the tracker thus: 
f = “Aa + Rae / 05 c 
= 2/10 + К / COS а 


ms Un sin oy / COS On 


- б tan c (1:3 71) 


m m 
Now 6 and 6 clearly depend on the target velocity and position. If reference is 
made to Fig 7.1-2 we can write 

Ө ж Um sin от Rm - 0% sin o,/R, 
R U 


: 2 FE maet 1 
i.e. sin o, = sin o, R T (7.1-2) 


0 REFERENCE DIRECTION 


FIG 7.1-2 Flyplane geometry 
For a straight flying target the crossing distance d is a constant so another 
expression for 6 is given by 


6 = Uy сіп? o,/d (7. 1-3) 
апа ө is obtained by recalling that 6 = - 5, and 
2 
2 2U 
628» cd» dé es da tc 
277% Up iu Fine. € 5. cos Oy (7.1-4) 


Substituting these expressions for 6 and Ə in equation (7.1-1) and rearranging for 
a constant speed missile yields 
URU sin 0, Sin (o. 80 
аяс t t 3 
Ге”. грат ала lon 

where o is a non-dimensional factor and is a function of 5 апа gg: But it 9. is 
given then о, can be calculated using equation (7.1-2). Fig 7.1-3 shows the 
relationship between gg and б for discreet values of КИЕ КЕЧ and overlaid are 
lines of constant acceleration factor a. 


If ҮЙ is known then an additional component as already noted in equation (7.1-1) is 
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FIG 7.1-3 Trajectory-to-beam angles and acceleration 
factors as a funetton of с, 

involved. If the missile is coasting and therefore decelerating, the longitudinal 
acceleration is say 60 m/s* and 9m is 50? then the additional latax the missile has 
to pull is given by 60 tan 509 = 71.5 m/s. This is a disadvantage of a boost-coast 
velocity profile; missile g requirements are increased in the coasting phase. 
The reason why the geometry in Fig 7.1-3 has been defined by о and not 6 is that 
the reference direction can be drawn in any direction and equation 7.1-3 still 
holds. It is natural to draw this direction parallel to the ground in which case 
e? = 180° - ТЫ only if the target is flying at constant height; but this is not 
the general case. Equation 7.1-3 holds good under any conditions. What general 
conclusions can we draw from this figure? Firstly it is obvious that latax 
requirements are greatest in the region of 5. equal to 130° to 100° and this is for 
values of ө between 50° and 80°. A speed superiority is an advantage as this 
helps to keep trajectory-to-beam angles to reasonable values. At crossing point 
the angular acceleration is zero and beyond crossing point (90 < 909) the 
angular acceleration is negative. Equation 7.1-1 therefore indicates that lateral 
acceleration requirements tend to be less for receding targets. Does equation 
7.1-5 imply that if the crossing distance d is very small the latax requirements 
are always very large? Consider the limiting case of d = 0, i.e. a target flying 
straight at the tracker. In such a case the sightline has zero rate and zero 
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angular acceleration and gre 0, and therefore the missile ideally flies straight 
with zero latax. Equation 7.1-5 reduces to 

f = aunt sin? 5 Unt sin с, “Жо? 

ads нт on t R 

If now we think of a target at a given slant range then a reduction in crossing 
distance will result in a reduction in 6 i.e. 9. tends towards 180°. Therefore 
short crossing distances for a given range of target result in small latax 
requirements as we are implying that the target is more or less heading straight 
to the tracker. The really difficult task therefore is area defence and not point 
defence. Even so, the latax requirements will be moderate or low for an area 
defence system if the impact range exceeds about 3 km say since 6 is inversely 
proportional to Ry and 6 is inversely proportional to RE all other things being 
equal. Table 7.1-1 shows the lateral acceleration required at interception for 
Ur = 270 m/s and О (assumed constant) = 540 m/s for different crossing distances 


and interception ranges Rea: 


TABLE 7.1-1 LATERAL ACCELERATION REQUIRED AT INTERCEPTION 


а еса Mer 
Geometry not 
possible 


Short range missiles can be designed to pull more than 20g if the speed is in 
excess of about M = 1.5 and even 30g for M = 2 say, but only moderate latax is 
feasible if the speed falls to М - 1 or less. Тһе latax a missile can pull іп 
practice is limited not only by the dynamic pressure and the wing etc size but by 


the maximum incidence it is feasible to allow; and this leads us to a discussion on 
the difference between the results shown in Fig 7.1-3 and Table 7.1-1 and those 
which would obtain if the missile incidence is taken into account, as indeed it 
must be in practice. Consider the case when the trajectory-to-beam angle is 10° 
and the incidence is say 50, Since the cosines of 10° and 15° are still nearly 
unity the 6 and Ө terms are both increased by a negligible factor of cos 109 /cos 
15° and the Ù term is increased by a factor of tan 159 /tan 109. In other words 
when the angles are small the effect of incidence, is practically negligible. This 
is not so when trajectory-to-beam angles are 409, especially when one notes that 
incidence is likely to be greatest when these angles are large. Even ignoring the 
beacon/retroreflector/receiver problem then, one sees that lateral acceleration 
requirements can escalate to ridiculous values in practice if body-to-beam angles 
are large especially if the missile is coasting. 
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What then is the ideal velocity profile for a missile? Clearly for a manual system 
When the human operator tracks both the target and the missile, a constant velocity 
missile makes it possible to design a missile with a near-consistent response 
without the use of instrument feedback. With a short range air-to-air system when 
flight times could be a few seconds only and targets may be approaching, crossing 
or receding, a motor which gives a moderate boost for about 10g for 4-5 seconds 

has the advantage that Un is positive during the critical period when latax 
requirements can be exceptionally high, see equation 7.1-1. A missile which is 
launched from an aircraft starts with a fair speed increment but if the initial 
manoeuvrability is not sufficient a system which uses thrust vector control and is 
boosting offers exceptional manoeuvrability. There are strong arguments for a 
boost-coast propulsion motor giving say 40g for 2 seconds for a surface-to-air 
missile designed to hit approaching targets. We have seen that the highest latax 
demands tend to occur at short ranges so, if due to late acquisition of the target 
or due to the sheer speed of the oncoming target the impact range is short we 
require maximum manoeuvrability of the missile as soon as possible, and this 
requires a high missile speed. If the target speed is low or acquisition is early 
impact will occur at a greater range and therefore latax requirements will be less; 
a lower missile speed at greater range will probably not restrict the coverage. 
Also, a boost-coast requirement results in a simple motor whose nozzle exit area 
can be designed for maximum thrust. A motor which has to thrust at two levels is 
more complex and will be less efficient as the nozzle design must be a compromise. 
Also a boost-coast velocity profile enables the missile, in the first 2 or 3 
seconds, to get to a greater range than one with a lower boost followed by a sustain 
phase and this can be vitally important in simple systems where the surveillance 

is such that it is improbable that targets will be first sighted at ranges in excess 
of 4-5 km. This tends to reduce latax requirements. Finally if at any time the 
operator can be involved in tracking, the absence of smoke in the coast phase may 
facilitate his tracking task. 

A useful indication of the kinematic conditions governing coverage for a boost-coast 
missile is given by Gridley (1). It is assumed that the missile is boosted 
instantaneously to a speed B times that of the velocity of the target whose speed 
is assumed to be constant. It is also assumed that the deceleration of the missile 
is proportional to velocity, a fair approximation for supersonic conditions i.e. 


Un =- Um t 


where t typically has a value of 8-10 for many supersonic missiles. If one assumes 
that the manoeuvring force is developed perpendicular to the velocity vector, 
solutions for the latax required and the trajectory-to-beam angles at interception 
can be obtained for a particular value of B. The following non-dimensional 
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parameters are defined 


M 


r R/U,t where R is the range at interception 
and A = fr/U, 


The graphs shown in Figs 7.1-4(a), (b) and (c) approximate though they may be on 
account of the assumptions made, do indicate the very small coverage provided by a 
missile against a fast target unless it is boosted to at least twice the target 
speed. For example, if т = 10 and Uy 200 then the maximum crossing distance is 


approximately given by 


r = 0.5 for B = 1.5, i.e. d = 1000m 
and т = 1.0 for В -- 2.0, i.e. d s 2000m 
Again, it is emphasised that as Om increases, so the graphs must become increasingly 
inaccurate on account of the body incidence becoming reckonable. 


7.2 TYPES OF LOS SYSTEMS 
There are many types of LOS systems but the great majority fall into one of the 
four main types broadly described below. 
Beam riding systems 
Beam riding systems use a target tracker whose purpose is to maintain the antenna 
boresight pointing at the centre of the reflecting area of the target. We have 
discussed some aspects of target trackers in chapter 1. The missile carries a 
complicated receiver which can detect the missile's angular deviation from the 
centre of the beam. The steering signals designed to bring the missile to the 
centre of the beam are therefore generated in the missile itself and a missile 
tracker is not required. To keep the sensitivity (volts/m off the beam) of the 
receiver constant its output is effectively multiplied by a factor proportional 
to the range (usually assumed) from the launcher, as already discussed in chapter 
6.1. Early missiles achieved this by feeding one end of a potentiometer with the 
receiver output. A slider is driven by an electric motor through a speed reducer 
and the voltage at the slider is the modified error signal. If the speed of the 
missile is approximately constant a linear potentiometer and constant speed motor 
suffices. If the missile speed is not constant, a specially wound non-linear 
potentiometer can be designed. Today very accurate integrated circuit multipliers 
are available one input to which can be a generated voltage proportional to the 
assumed nominal range, and the other input the signal from the receiver. Fig 
7.2-1 shows in block diagram form, the general structure in one plane of a beam- 
riding system. 
If the system uses one beam for tracking and another beam for guiding the missile 
there will be the problem of keeping these two beams truly parallel and a 
collimation error ec has been shown as an input to the guidance loop. If the same 
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FIG 7.1-4 Acceleration contours and trajectory-to-beam 
angles for a boost-coast missile for different values of B 
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FIG 7.2-1 Beam-riding system-tracking and gutdance loops 
beam is used for tracking the target and guiding the missile the question of 


collimation error does not arise. 

Manual systems 

The expression “a manual guided weapon system" implies that the human operator has 
the task of tracking both the target and the missile, and generating commands to 
bring the missile into the LOS. Most, but not all manual systems that have been 
designed have been anti-tank systems. For ranges in excess of about 800m some 
target magnification is required, so the operator has to keep the target within 

the field of view of the sight and generate commands with the aid of a specially 
designed thumb controller. It should be particularly noted that the operator is 
acting as a differential tracker; provided he can keep both target and missile in 
the field of view the absolute tracking accuracy is not relevant. With help from 
training simulators the human operator can develop into a highly efficient guided 
missile controller; his task is always regarded as a little easier when some defined 
background is present as the results of his commands are easily discernible. This 
is usually referred to as a "pursuit" tracking task. In a surface-to-air situation 
with a clear sky, he is only aware of the angular error and the results of his 
commands are not so easy to interpret especially if the target is manoeuvring; such 
a task is usually referred to as "compensatory" tracking. Despite the obvious 
simplicity of employing an operator to perform the tracking task a manual system 

is rarely considered now as a serious competitor to semi-automatic systems. 
Unfortunately it does take time to train an operator even with the aid of a good 
simulator and hence the weapon must be regarded as a specialist weapon. Also, bad 
weather can greatly reduce his effectiveness and there is always a limitation on 
the minimum effective range since it will probably take the operator at least 3 
seconds after firing before he has the missile completely under control. An 
automatic or semi-automatic system should do better than this. 

Semi-automatie systems 

In a semi-automatic system the human operator only tracks the target; his task is to 
keep the optical centre line of his sight pointing at the required point of missile 
impact. His sight will be fitted with cross-wires or an etched spot on a graticule 
to assist him in aiming, and his sight may well be servo driven in azimuth. and 
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elevation as a result of commands generated from a thumb or thumb and finger held 
joystick. Fig 7.2-2 indicates some of the well known features of the surface-to-air 
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FIG 7.2-2 RAPIER - a semi-automatie CLOS system 
guided weapon system Rapier (2). The missile tracker is mounted alongside the 
operator's tracking telescope and is collimated to it. Signals proportional to 
the angular misalignment of the missile from the missile tracker boresight are 
processed by the ground computer and transmitted to the missile by means of a radio 
link; we have already seen that "processing" will include multiplication by a term 
proportional to the missile range, and this is easily achieved if a digital computer 
is available. In other words, the structure of the guidance loop is essentially no 
different from a beam-riding guidance loop. 
However, most semi-automatic and automatic LOS systems except beam riders use feed- 
forward terms in order to increase accuracy; this special feature will be considered 
in detail later in the chapter. Fig 7.2-3 shows the general structure of a semi- 
automatic guidance and control system using feed-forward terms. Sight line rates 
must be measured in such a system. Since commands are computed on the ground there 
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FIG 7.2-3 Semt-automatie system - tracking and guidance loops 
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must be a command link between the computer and the missile; this is often a wire 
link for anti-tank systems but is invariably a radio link for systems where the 
missile is supersonic. Since there are two completely separate tracking systems 
there must be some collimation error or disturbance 9c. 

LOS systems using differential trackers 

A differential tracker is designed to eliminate the inaccuracy due to imperfect 
target tracking. A simplified diagram of a differential tracker is shown in 

Fig 7.2-4. The antenna is servo controlled to follow the target direction in the 
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FIG 7.2-4 Differential tracking system - tracking and guidance Loops 
usual way. By multiple beam forming or by multiplexing, the same aperture is 


used to obtain a signal proportional to the misalignment between the antenna bore- 
sight and the missile direction. This signal is subtracted from the target 
tracker error signal. This gives us a signal equal to 

(өр = 0a)k] - (6 - 9) Кә 
and this reduces to (6, - Ө) КІ if ki = Ко i.e. the antenna direction is eliminated. 
However, even if the same receiver is used to make these two measurements, it is 
not easy to maintain the gains of these two measurements identical, and special 
feedback and calibration techniques are used. It should be particularly noted 
that in all other systems the target tracking loop acts as a low-pass filter to 
thermal noise and glint. There is no such filter outside the missile guidance 
loop with a differential tracker. Since extra filtering cannot be introduced inside 
the missile guidance loop without reducing stability margins one must conclude that 
with differential trackers the effect of noise associated with tracking the target 
will have a greater effect on miss distance. However it is just possible with a 
great deal of ingenuity to introduce a small amount of filtering of high frequency 
noise outside the guidance loop. 
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7.3 KINEMATIC CLOSURE AND STABILITY OF THE GUIDANCE LOOP 


If a missile produces a lateral acceleration as a result of a guidance command, 
what is the kinematic relationship between this acceleration and the change of 
angle the missile presents to the missile tracker which we assume to be stationary? 
Equation 7.1-1 gives the lateral acceleration required on the assumption that it 

is developed perpendicular to the velocity vector; but we know that lateral forces 
are developed perpendicular to the body. Considering the yaw plane only and 
assuming the body incidence is В we see that the useful component of lateral 
acceleration is the component perpendicular to the beam as the component along the 
beam in no way helps to reduce an angular error. If fy is the missile latax then 
the useful component is fy COS СА + 68). A serious loss in guidance loop gain will 
occur if the body-to-beam angle exceeds say 45°, and this is a very good reason 
for avoiding large body-to-beam angles. 

Up till now we have made the assumption that the useful missile latax divided 

by the missile range and integrated twice is the change in missile angle as seen 
by the angle channel receiver. This assumption is reasonable for a stability 
analysis but is nevertheless not strictly accurate when simulating a guidance 
loop:. the complication is due to the missile range not being constant. Referring 


to Fig 7.1-2 we can write Ж; = Un sin Om and this can be differentiated to read 


R + Re = Up COS бп On (for Up a constant) 
= Un cos o. (Vem - 6) (7.3-1) 
and since К = Un COS o, We can substitute in equation 7.3-1 and rearrange to read 
(TD + 1)8 = ben? (1,3-2) 
where T = к/т COS о 
This time constant is therefore very roughly one half of the time from launch if опе 
makes the approximation that К = Unt where « is the time from launch and cos On 
is not far from unity. Equation 7.3-2 can be arranged to read 
20 cos о 
ы m R6 = И COS c, Ug, = fy COS 01 


m m y 


(D + 


since fy = Un Vem 
Hence, in transfer function form 
cos o 
т (723-3) 


Ө - 
fy eR, (s + 2U COS ота) 


In its approximate Ғогт ме would like to see 
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But equation 7.3-3 contains one integration and a time-varying time constant. The 
cos о, term has already been discussed; it represents a loss in guidance loop 

gain due to body-to-beam angle. For stability purposes therefore we now have to 
demonstrate that this time constant approximates to pure integration in the 
critical frequency range. If the guidance open loop gain crossover frequency is 

4 rad/s, 9, = 500, Rn = 5000 and cos o, = ] then at this frequency this transfer 
function is equivalent, in pure frequency form to 


instead of 

тетт 21805 

m 

It is considered therefore that since the guidance loop has to be stable at all 
times and ranges, it is a perfectly realistic assumption to regard the kinematic 
closure of the guidance loop from lateral acceleration to position to result in 
1809 phase lag. We now consider the most desirable form of the compensation 
necessary to ensure an adequate stability margin in the guidance loop. It has 
already been shown in chapter 1 that if a closed loop system contains two integra- 
tions for a given open loop gain the minimum noise bandwidth is obtained if the 
closed loop is a second order system with a damping ratio of 0.5; and this is on 
the assumption that the compensation is in the feed-forward path.  Addtional lags 
increase the equivalent noise bandwidth. Now a damping ratio of 0.5, for a second 
order system requires a phase margin of 520, Since the autopilot must exhibit 
some phase lag at gain crossover frequency we are really looking for at least 609 
phase advance. 
Suppose now we (quite arbitrarily) limit the amplification of high frequency noise 
to a figure of 10 to 1. A single phase advance circuit gives a maximum phase 
advance of 559 (see equation 6.2-1). A double phase network of the form 


4 sy tee TS 
(pats) (Tats) 


where a = /0.T gives a maximum phase advance of 62.69. Indeed a treble phase 
advance network where o = ?/0.T will give a maximum phase advance of 64.40 but we 
are now in a region of rapidly decreasing returns. Fig 7.3-1 shows the gain and 
phase characteristics of a 10 to 1 single active phase advance network compared 

with that of two cascaded УТО to 1 networks. The phase characteristics of the 
cascaded arrangement are more "peaky" than that of the single network. Those of a 
treble network become even more peaky and therefore such an arrangement is seriously 
detuned if the gain crossover frequency should change significantly due to a large 
body-to-beam angle which reduces the gain of the loop. There appears to be no real 
advantage in going for a treble phase advance network. 


Line of Sight Guidance Loops 165 


GAIN -dbs 
S 


NFO Чо 5 


PHASE LEAD DEGREES 


FIG 7. 3-1 Gain and phase characteristics of phase advance networks 


It is always useful to check the equivalent noise bandwidth of any proposed 
guidance loop. With two integrations in the loop open loop gain crossover 
frequency would occur at oras VK where K is the guidance loop d.c. gain or stiff- 
ness. Since the gain is decreasing at 40 db/decade and a 10 to 1 phase advance 
network has a gain of 10 db at maximum phase advance the new gain crossover 
frequency will be 8/70 uc if unity gain is to coincide with maximum phase margin; 
this argument holds for a cascaded arrangement also. Since maximum phase advance 
occurs when oT = 1/va the reader will find that the optimum value of T is given by 
T = 1.778//К for a single network, and T = 1/YK for a double phase advance network. 
Inserting these values into a system with two integrators and evaluating the 
noise bandwidths as given in Table 1.4-1 we find that it is 

7 XK . 2.61 for a single phase advance network 


and 5 Ж. 2.51 for a double phase advance network 


compared with > К . 2 for a simple second order system with stabilisation in the 
feedforward path and и = 0.5. 

In practice the double phase advance network will probably compare rather more 
favourably than indicated above since there will certainly be some phase lag due 

to the autopilot (10° at gain crossover frequency?) and possibly a small phase loss 
if a digital computer is incorporated into the guidance loop. Also, it may be worth 
while inserting a small filter - an exponential lag of a few milliseconds - just 
before the demand to the autopilot to filter out some of the relatively high 
frequency noise. Our stability margin is, in practice, always less than the optimum 
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and a few extra degrees of phase margin obtained by the use of a cascaded network 
will nearly always be worth having. 


7.4 THE CONCEPT OF FEEDFORWARD TERMS 
The term "feedforward" needs some redefinition at this stage. We are all aware 
of the fact that any closed loop system consists of a feedforward path (containing 
feedforward elements) and a feedback path. If integral control is used we say 
that we "feedforward the integral of the error", meaning of course that this is 
in addition to the proportional controlling signal. In the same way we can feed- 
forward the differential of the error. But there is another method available of 
increasing the accuracy of a closed loop system and that is feedforward of some 
function of the input. Suppose we wish to eliminate velocity lag in the tracking 
servo described in chapter 1 without using integral control. Without this extra 
integrator the system transfer function is 


9a 1 
ИЗДЕ стега араат eS АЫ БЕЛУГА ы (7.4-1) 
Ua (© /® i ky kok, + 2015 Гаі ky kok, + S/ky kok 3 +1 


The voltage from the receiver necessary to drive the antenna at unit speed is 

1/kk3 and hence if it were possible to generate external to the closed loop a 
voltage proportional to the target angular rate and feed it into the feedforward 
path as shown in Fig 7.4-1 all errors due to the input angular rate would be 
eliminated. However, this method is essentially an open-loop method of compensation 
and relies on being able to match this additional input to some servo component 
gains. The system transfer function is now 


pre-amp OTHER SERVO COMPONENTS 
k3 


kı kzk; 


suni ?* 25| шп; * 1 


РІС 7.4-1 Feedforward of dertvative of input 


Line of Sight Guidance Loops 167 


4. S/kykok + 1 a 
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and it is seen that the coefficients of "s" in the numerator and denominator are 
nominally equal, which is the condition for zero velocity error. As it so happens 
this technique cannot be applied to a tracking radar as the only physical quantity 
available is the angle channel receiver output. In the case of a target tracker 
acting as a director to a gun or launcher the inputs to the latter are the 
angular positions of the tracker azimuth and elevation shafts. Tachogenerators 
can be attached to these "inputs" to provide a signal proportional to input rate. 
The use of input feedforward is common in such systems. 

The use of additional feedforward terms in guidance loops is precisely the same 

in principle except that one tries to be even more precise; one tries to eliminate 
the error whatever the mature of the input. Simple feedforward of some function 
of the input just will not do in a guidance loop. This is due to the fact that 
there is a x m term explicity associated with the guidance functions and a Y/R, 
term associated with the kinematic closure. This leads to the curious result 

that a lateral acceleration is required even if the input is a constant- angular 
velocity. For this reason to regard a guidance loop as a straightforward Type 24 
system can be very misleading. So we adopt a different approach and calculate on 
the ground as a continuous function of time precisely what demand is required to 
keep the missile in the LOS; assuming the missile produces a lateral acceleration 
as a result of a command this means that we require to know the missile latax 
required. It would be convenient to arrive at an expression for missile latax 
which involves terms we can either measure easily or can assume with some degree 
of confidence. Firstly we will calculate the latax required due to target motion 
in the flyplane. It is clear that whether the target flies straight or manoeuvres 
in any manner it will remain in the flyplane provided there is no target accelera- 
tion perpendicular to the flyplane. Hence the missile velocity vector must always 
lie in the flyplane and no latax perpendicular to the flyplane is required.  Denote 
the missile latax in the flyplane by f4. Now the lateral acceleration is the 
product of the missile forward velocity and the rate of change of flight path (see 
equation 4.3-1) and if reference is made to Fig 7.1-2 it is seen that 


f = Un Ve = Um (9 + 9 


^ (7.4-3) 


a) 
In general, the flyplane will be neither vertical nor horizontal, see Fig 7.4-2. 
If tachogenerators are fitted to the tracker azimuth and elevation shafts, to 

measure y and $ respectively then the total angular rate 6 can be computed from 


6 = /2 cu ф + 2 (7.4-4) 


There is now а computing problem since there is no method of measuring б, OF 9g 


G.W.C.S.—M 


168 Guided Weapon Control Systems 


Horizontal 


Tracker 
FIG 7.4-2 Flyplane geometry, a three dimensional vtew 
But we have an expression for sin o, and in Fig 7.1-2 we used the relationship 


m 
Ө = Um sin om/ m 
i.e. Sin o, = RU. (7.4-5) 
and this can be differentiated to read 
R R 
d 2 e d m A 
Te Sin оң = 6 Te (ү) + (17279 (7.4-6) 
m m 
We can also use 
d A d А dom . 
Е КАШ ОЕ dog Tut E IER UE (7.4-7) 
But COS от = / = sin? Om (7.4-8) 


Combining these last four equations we can obtain an equation for on thus 


R ^ 
КАЕ (Т) + (09 8 
бл = M (7.4-9) 
Й = (ёд 70) 


Substituting this value of Om in equation 7.4-3 yields 


f, = U6 + 7.4-10 
——— —— 
EM Á - (ÈR /U) 
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We therefore need to know e in addition to 6 and this can be obtained by differentiat- 
ing 6. Since some noise will always be present a high frequency filter will also 

have to be used and this will mean in practice that the computed value of Ө will 
always lag behind the true value. If missile latax or "bias latax" as it is 

sometimes called is computed in this way it is seen that the value of 0, and Ra Up 

as a function of time must be known with reasonable accuracy. 

If now the target should manoeuvre perpendicular to the flyplane the missile will 

have to manoeuvre perpendicular to the flyplane in order to remain in the flyplane 

and hence in the LOS. The component of latax f, is obtained by taking the missile 
flight path rate about the beam axis and multiplying it by the component of missile, 


velocity perpendicular to the beam Un sin c Hence 


т 

Т =U sito, (Y sin ¢ +n) (7.4-11) 
where sin n = 6/6 and cos n = y cos 9/6 and either of these two relationships can 
be used to give n and hence л. 
The components fi and f5 must now be resolved into "up-down" and "left-right" 
commands to the missile. Unfortunately our problems are not yet over as the 
missile's axis system will not coincide with the tracker's; there is an "orientation" 
problem and this is discussed separately. However, it is now clear that in order to 
compute feedforward commands we will need a digital computer. It should be noted 
that the computation of feedforward commands is complicated only for fast moving 
targets. Consider now a semi-automatic anti-tank system. Let us assume that the 
missile velocity is about 250 m/s. It is unlikely that the target speed will 
exceed 10 m/s. Missile latax will be very low and body to beam angles will be 
negligible. The reader can easily check by referring to equations 7.1-1, 7.1-3 
and 7.1-4 that when the missile speed is much greater than that of the target bias 
latax is accurately given by 

f1 = 2U, 6 (7.4-12) 

In fact, if the missile speed is roughly constant and it is assumed that target 
movement is largely restricted to the horizontal plane the feedforward command will 
be proportional to the azimuth tracking rate which can be measured by a tachogenerator 
mounted on the launcher tripod. 
Before leaving the subject of feedforward terms it should be explained why in 
Figs 7.2-1, 7.2-3 and 7.2-4 it is inferred that feedforward is not employed in 
beam-riders. Now, one can compute on the ground the bias latax required in any 
one of these systems but in a beam rider the angular error signals are derived in 
the missile itself and there is no need for a command link from ground to missile. 
If a separate transmitter and receiver (in addition to the guidance receiver 
already in the missile) are used then feedforward can be employed. But such a 
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complication is not usually resorted to; alternative methods would be to steer the 
riding beam ahead of the target by an amount proportional to the latax required. 
Conversely one could modulate the beam in some way so that the receiver in the 
missile knows that some latax is required even if it is in the centre of the beam. 


7.5 PHASING ERROR AND ORIENTATION DIFFICULTIES 


We have seen in section 6.11 that if the missile is rolling there is mechanical 
cross-coupling between the two lateral autopilots and for a small servo phase lag 

$, at the roll frequency the effect on the autopilots is to a first approximation 

a loss of phase margin equal to bs: But this is not the end of the matter; each 
autopilot is a part of one of the guidance loops and if as a result of one or more 
of several causes part of the demand from one angle channel receiver is implemented 
in the other channel we say that a phasing error exists. Instead of the two 
guidance loops being entirely independent of each other they are now cross-coupled 
and Fig 6.11-2 represents the two guidance loops if the "inputs" and "outputs" are 
the target and missile directions respectively, Y} represents the guidance functions 
and the autopilot, Y^ represents the kinematic closure of the loop and ү; is unity. 
To illustrate the effect consider a specific example where one of the demands is for 
a lateral acceleration of 150 m/s? and there is a servo phase lag of 0.1 rad at the 
missile roll frequency assumed constant. Since sin dors 0.1 and cos ELS ueste 
follows that the gain of the guidance loops is not significantly affected and that 
approximately 15 m/s* latax is developed in a direction perpendicular to the 
intended one i.e. in the other channel. If the guidance loop gain or stiffness is 
10 say then the result of this is to cause the missile in the steady state to be 
1.5m off the LOS in a direction perpendicular to the demand. Without the stiffness 
of the other channel to contend with the missile would merely accelerate out of the 
LOS at 15 m/s?. To a good first approximation the inaccuracy in guidance due to a 
demand for lateral acceleration ТЯ апа а phasing error of ф radians is Fy sin ф/К 
where K is the guidance loop stiffness. In addition, again to a first approximation, 
this phasing error $ will reduce the gutdance loop phase margin by ф. It is 
important to note that the effect of phasing error could be really serious in 
systems where g demands are large e.g.. surface-to-air or air-to-air systems. We 
now consider the other contributions to phasing error. We rely on the angle channel 
receiver up-down axis coinciding with the roll gyro vertical axis. Any difference 
here before launch will set up a phasing error. There may be a small uncaging error 
and the gyro will drift especially during boost. Now a really good resolver 
measuring to 10 minutes of arc or so is an expensive precision instrument and a 
small cheap and relatively crude instrument will probably be used. If an induction 
resolver is used then some electronic circuitry will be required to convert the 
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resolver outputs to d.c. signals. These three additional items will, between them, 
produce an error in amplitude and an error in angle. This angular error is 

another contribution to phasing error. It is possible for cross-coupling to occur 
in the receiver itself but usually any contributions to phasing error from this 
source are small compared with those just discussed. It will be noted that in 
general all these contributions are unknown and random in nature. We do not know 
in which sense the missile is rolling, nor is the roll rate known, the gyro drift 
is unpredictable and unless the resolver plus electronics are specially calibrated 
we cannot know this contribution either. Hence since these errors are unknown it 
follows that there is nothing we can do to allow for them. 

We now come to another possible contribution to phasing error but since it is 
possible to allow for it in the guidance computer it is sometimes referred to as a 
phasing error due to missile orientation. It is due to the fact that the missile 
axes do not coincide with the tracker axes. Consider now a missile launched 
straight down a beam and executing small manoeuvres about this axis. A left-right 
signal requires a manoeuvre in a horizontal direction perpendicular to the beam 

and because the missile body coincides with the beam the latax should be developed 
perpendicular to the beam. Likewise an up-down demand does not necessarily require 
a vertical manoeuvre; it requires a lateral acceleration in the vertical plane and 
inclined back at an angle due to the elevation of the tracker. But since the 
missile ox axis is inclined to the horizontal by an angle ф this interpretation of 
"up-down" causes no difficulties. Now, except in the unique case of a target 
heading straight for the tracker the missile will be pulling latax in the flyplane 
and its velocity vector will be at an angle 9m to the LOS as already discussed. 
This has been allowed for in deriving equation 7.4-6. However if enough computing 
facilities are available we should allow for the fact that latax is developed 
perpendicular to the body and not perpendicular to the velocity vector i.e. we need 
to compute the body incidence associated with a given latax; this implies that the 
missile speed and height must be known. In addition if the missile pitches and 
yaws after launch the gyro gimbal system will become distorted and as a result the 
roll angle will be incorrectly interpreted. This means that unless the correct 
axis transformations are done in the computer an additional phasing error will occur. 
We have already noted the extent of this distortion in section 5.3. In making 

this axis transformation in the computer any toe-in from the launcher and super- 
elevation of the missile should be allowed for. What we really want to know is the 
angle between the roll gyro inner gimbal and the flyplane. It is important to note 
that it is phasing error due to roll rate and fin servo phase lag only that tends to 
unstabilise the autopilot, since this occurs inside the autopilot closed loop. 
Phasing error due to any cause whatever occurs inside the guidance loop and therefore 
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the total phasing error affects the guidance loop. 


7.6 THE EFFECT OF A DIGITAL COMPUTER INSIDE THE GUIDANCE LOOP 
A relatively simple semi-automatic anti-tank system does not require a digital 
computer in the guidance loop; the "times range" term in the missile guidance loop 
can be engineered easily by analogue circuits. A high performance surface-to-air 
system designed for area rather than point defence will almost certainly employ a 
digital computer to work out the feedforward commands and since these have to be 
added to the compensated angle channel receiver signals the whole process of 
computing the demands for lateral acceleration is usually done digitally. 
If the computer up-dates at intervals of « seconds then an analogue to digital 
converter is required at one interface and a digital to analogue converter plus 
a hold or clamp circuit is required at the other. The effect on the transmitted 
information is illustrated in Fig 7.6-1. If a sinewave of frequency w rad/s is 
updated many times during a cycle the amplitude is not sensibly affected but 


updated results tn an approximate sinewave displaced in phase 
there is a shift in phase. Since the phase shift due to a time delay t is wt then 
it follows that the mean phase shift due to discontinuous information is шт/2. 
However, the computer will take some time to do the necessary calculations and if 
this computing time is 52 the total effective time delay due to the computer is 
та % t/2 = t'. The effect оп the guidance loop is therefore а destabilising one. 
If the guidance loop open loop gain-crossover frequency is We rad/s then we must 
add an additional phase lag of Wot! at this frequency. For example if the guidance 
loop gain crossover frequency is 5 rad/s, the data rate is 100/s and the mean 
computing time is 5 millisecs then the phase lag at gain crossover due to the 
computer is 5 (.005 + .01/2) = 0.05 rad or nearly 39. Since such a loss of phase 
is barely acceptable in a guidance loop, it follows that fast computing times and 
high data rates are essential if computers are employed inside closed loop systems. 
Consider now the method of implementing phase advance digitally, i.e. it is 
necessary to represent the function 
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Ue eS 
e ^ T sTs NHAU 
in discrete form. This implies that the equation 
u + aTü =e + Té (7.6-2) 


must be implemented when e and u are available only in sampled form. Taking 
е -1> 44-І and e, u, to be the values of the continuous signals e, u at the 
(n - 1)th and nth sampling instants then the simplest approximations to ё, ù would 


be e -e и-и 

Еа: (7.6-3 апа 7.6-4) 
where т is the sampling interval. Іп practice, more complicated expressions are 
often used although the simple approximations used here will serve for illustration. 
To obtain a value for u, We use 


Ше Maly ЯШ суат (156-5) 


and hence obtain the following recursive relation 

ASIE Greca p eS" еі (7.6-6) 
where the coefficients Сі» С» Сз are given by 1/0, (t/T - 1)/0, 1- т/оТ 
respectively. 
In other words, the current output (uj) of the digital network is dependent on the 
current value of the input (e,) and on past values of both the input and the output 
(€,_1* 4-1): Me can now consider the errors that may arise when implementing а 
continuous network in digital form. А11 these errors arise from the fact that, in 
practice, digital information can only be represented to a certain degree of 
accuracy which is determined by the number of bits (word length) that is available. 
This word length limitation will affect: 
(1) The accuracy of the sampled signals at the input and output and results іп 
the signals being confined to a range of discrete levels. 
(2) The accuracy with which the network coefficients (e.g. Сі» Co and с; іп 
equation 7.6-6) сап be stored. 
(3) The accuracy with which the arithmetic operations can be performed. For 
example, in implementing equation 7.6-6, it is necessary to multiply Cy by ен. 
If both these quantities are represented by а m-bit word then the product would 
need a 2m-bit word in order to sustain accuracy. To store this product as a m-bit 
word it would be necessary to dispense with the m least significant bits. 
All the above inaccuracies, resulting from limited word length, can be considered 
as quantisation errors although the terms truncation or rowid-off are usually 
applied to the quantisation errors that occur when arithmetic operations are 


performed. 
The effect of the quantisation errors on the sampled signals is similar to additive 
white noise and is undesirable for that reason alone. However, more serious 
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consequences can occur at low signal levels where the quantisation effects tend 

to dominate the true nature of the signal and in these circumstances the behaviour 
of the network within the guidance loop can diverge considerably from its 
continuous counterpart. 

The effect of inaccuracy in the network coefficients is dependent on the way in 
which the network equation is implemented or programmed. Similarly, the effect of 
truncation or round-off error is dependent on the mode of arithmetic used, i.e. 
whether fixed or floating point. Many of these effects are treated in detail in 
the literature and, in particular, reference 3 is recommended for its scope and 
relevance to the guided weapon field. However, one aspect of quantisation error 
will be considered here in greater detail in order to illustrate that transferring 
from continuous to discrete systems is not necessarily a straightforward procedure 
and that due account should be taken of limited word length effects during the 
earliest stages of system design. 

Following an example treated in somewhat more detail in the above reference, we 
will assume that not all the coefficients of equation 7.6-6 can be represented 
exactly and, specifically, that the coefficient C3 is stored as с which is іп 
error by an amount e. 


i.e. = + 
Ties C3 сз € 


Considering steady state conditions, where the input and output of the digital 
network remain at constant values such that e, = eA тео M etc and Mors 
= ТК; etc, then, from equation 7.6-6, we have 
UT 21041 84 А.С ке? «н Саи 
пау n Кет | Ca At З ЕП | 
Thus EN = Т бу" is the steady stage gain of the network. Substituting for Сі» Co 


and C3 gives 


uy ) - r ur. 1 

e, - - т/оТ) - € 
= (1 - Бати)! 
SARE CA AEE Ке 


It is seen that the steady state gain (which should be unity in this example) is 
dependent on both е and т and that far from improving the accuracy, a reduction 
in the sampling interval t would exacerbate the situation. This result has 
arisen simply because of the limited word length available to represent C3. 


7.7 SOME NUMERICAL EXAMPLES ON THE ESTIMATION OF 
GUIDANCE ACCURACY 


А medium range surface-to-air beam-riding system 
If reference is made to Fig 7.2-1 it will be seen that two closed loop systems 
have to be designed, the target tracking loop and the missile guidance loop. Let 
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us assume that the system is designed to hit approaching aircraft and missiles in 
the speed range M = 0.7 to M = 2.0 and that the minimum range is 6 km (largely 
because the initial dispersion of the missile is considerable due to the fact that 
it carries discarding boosts) and the maximum range is 40 km. We have already 
established in chapter 1 that a reasonable approach to designing the tracker servo 
loop is to include an electronic integrator and to reduce the lags due to the motor 
and load by designing a high gain rate feedback loop. We found that the minimum 
noise bandwidth was obtained when the lags in the rate loop were negligible and 
the closed loop damping ratio was 0.5. Let us determine the tracking error in the 
elevation channel due to a constant-speed straight-flying target at minimum range 
assuming the maximum angle of elevation is 45°, see Fig 1.5-1 and equation 1.5-6. 
A particular tracker closed loop transfer function well approximates to: 

aro s/3 +1 


c ipe 
Bem Seg Eye 


И m 5 P 2 f .. 2 
Since DUM = Ui А апа Ө = ө/о 
2 
2%» 0.7- X 340.3 X " for M = 0.7 target 


6000 
0.000175 rad = 1.05 m at the target 
and since the sight line angular acceleration is proportional to (target speed)? 
this is 8.58 m at the target for the M = 2 target. We note however that since 
sight line acceleration = 1,2 all other things being equal we would expect the 


tracking accuracy in metres at the target to improve with range. We now consider 
the effect of thermal noise. For a particular receiver we find that for a non- 
glinting 4 т^ echoing area target the spectral density of the thermal noise at 40 km 
range is given by 

K = 3.3 x 10? rad^/rad/s 
We have already established in section 1.6 that the effective noise bandwidth of 


such a system is TH), rad = 9.42 rad. The mean square beam jitter at this range 


9 


is therefore given by 
аға К Ар ЗЫК) 
о ФА Да 


10 


rad? 


In metres at the target this is 
9.42 x 3.3 t 402 x 10° m 
10° 
= 49.7 m 
This is for a 4 me echoing area target but would be considerably greater for a 
small target such as a missile with an effective echoing area of 0.1 m`. On the 
other hand the effect of noise will improve with a reduction in range. At 10 km 


2 


2 or 7:05 m" remes. 
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range the signal to noise power should have improved by a factor of 44 reducing 

the r.m.s. beam jitter by a factor of 42. in metres this is an improvement by а 
factor of qu 

If the target is glinting the r.m.s. beam jitter due to glint is likely to be close 
to the r.m.s. value of the glint itself unless the servo bandwidth is very low 
indeed or frequency agility is used, see Table 1.7-1. Summarising we are saying 
that accurate tracking is a difficult problem with fast targets associated with 
short ranges due to the high angular accelerations, and as the range increases 
thermal noise tends to take over as the major source of inaccuracy. Tracking 
inaccuracy (in metres) due to glint is not a function of range. 

We now consider the design of the guidance loop. Since the missile is designed for 
medium range it is likely to be heavy, 1000 kg or more. For geometrically similar 
missiles, inertias « 2 and control surface moments « 23. Hence large missiles 

will tend to have lower weathercock frequencies. Suppose it is feasible to 

design a lateral autopilot whose dynamics approximate to that of a quadratic lag 
defined by ите 12 апа р = 0.6. The maximum phase lag permissible at guidance loop 
(open loop) gain cross-over frequency has been discussed in section 6.2. If we 
restrict this to 15° as Suggested it means that the maximum d.c. gain we can use is 
about 3; the open loop gain cross-over frequency is always greater than the square 
root of the gain when there are two integrations, due to the effect of the phase 
advance networks on gain. Let us therefore consider the sort of miss that would 

be involved if the guidance open loop gain is set to 3. · Опе typical engagement 

will suffice to highlight the problem. Assume ре 250 m/s and that the target is 
flying straight such that the crossing distance is 6 km. If the missile is gathered 
at a slant range of 5 km at a time when the target slant range is 13.5 km and the 
missile speed is constant at 500 m/s, some geometric manipulation reveals that 
interception should occur at a slant range of 10.86 km, 12 s after gathering. The 
reader may wish to verify that the correct missile latax at impact is 18.2 n/s*. 
Since the loop gain is 3 it means that the miss due to "bias latax" is approximately 
18.2/3 = 6m. Accurate simulation shows that this assumption results in a slight 
overestimate of the miss if the latax is increasing. We have noted this effect when 
estimating the error of tracking servos in Figs 1.5-2 and 1.5-3. If interception is 
at a shorter range than this or the target speed is greater the missile latax will 
have to be greater, resulting in a larger miss. Can we structure the loop in a 
different way to reduce this bias miss? Consider now the use of proportional plus 
integral control rather than proportional control. This will result in a loss of 
phase margin so let us reduce the d.c. gain to unity say. If an integrating time 
constant of 2 is adopted it means that if the missile error off the beam is constant 
at x metres the autopilot output is increasing at a rate of x/2 п/53, Тһе rate of 
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increase of missile latax during the last few seconds of the engagement is about 
0:75 п/53, This is easily determined by differentiating equation 7.1-1 with 
respect to time. The miss should now be 0.75 x 2 = 1.5m; hence we have reduced 
the bias latax miss by a factor of 4 to 1. In addition we have reduced the 
guidance d.c. gain by a factor of 3 and have therefore reduced the effective noise 
bandwidth; the r.m.s. noise into the missile servos is also decreased considerably. 
If a double phase advance network is used to stabilise the loop the complete 
guidance loop in transfer function form is shown in Fig 7.7-1. 


latax achieved 
demand latax 
GUIDANCE FUNCTIONS AUTOPILOT 


т (1+15)2 (2591) 
(1+0.31065)2 25 


FIG 7.7-1 А beam-rtding guidance loop. Block 
diagram for stability analysts 


The kinematic closure is shown to be two integrations and a 1/R, term as we have 
already established in section 7.3 that this is a reasonable assumption for stability 
calculations. The Bode diagram for this guidance loop is given in Fig 7.7-2 and 

this reveals a phase margin of 359 and a gain margin of 10.5 dbs. 


meme ec 


N 
Q 
Q 


a 
o 
PHASE LAG - DEGREES 


GAIN - dbs 


о 
© 


FREQUENCY - RAD/ SEC 
FIG 7.7-2 Bode diagram for beam-riding guidance loop 
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The actual miss of the missile due to thermal noise can be evaluated by multiplying 
the tracker transfer function by the guidance loop transfer function and calculating 
the equivalent noise bandwidth to thermal noise of the combination. Integrals for 
transfer functions up to tenth order are given by Newton Gould and Kaiser (4). We 
go through the same procedure for glint except that we include an additional first 
order filter to account for the fact that glint is not "white" noise but is "coloured" 
noise. Detailed analysis shows that the r.m.s. miss due to noise is not much less 
than the beam jitter. This is because the damping in this guidance loop is on the 
low side the equivalent noise bandwidth is surprisingly high. An important feature 
of a guidance loop with an extra integrator is that any bias in the autopilot due 
to fin bias, or instrument biases results in zero miss, provided of course that 
the biases remain constant or change only slowly. | 
Тһе above example is а good illustration of the compromise that has to be made in 
all guidance loop designs. We require high gain for steady state accuracy but low 
gain for stability and low miss due to noise, and low gain and not too much phase 
advance to avoid saturation of the missile servos. In this particular design 
because engagement times are typically in the range 15-80 seconds the addition of 
a slow integrator in the loop has increased the steady state accuracy considerably; 
nevertheless some 16° of phase margin has been sacrificed by using proportional 
plus integral control leaving us with a rather underdamped guidance loop. 
A short range semt-automatie surface-to-air CLOS system 
In this case we assume the human operator tracks the target with the help of a 
servo-controlled optical system. The question we now ask is, how accurately can 
a trained operator track an aircraft? It is generally agreed that a velocity 
servo gives him most assistance; a given controller position will result ina 
constant angular velocity of the sight. But an approaching target results in an 
accelerating sight line. If therefore the system is specifically designed for 
approaching targets it will help the operator to add an integrator with a low gain 
so that a constant input will produce a slowly accelerating output. In any 
particular engagement the integrator gain will be either too high or too low; an 
extensive programme of realistic simulations will be necessary to arrive at the 
best compromise. Also some phase advance will tend to offset the servo and human 
operator lag. Several systems have been designed which claim a tracking accuracy 
of about 0.2 to 0.3 milliradians r.m.s. in the flyplane and better than this 
perpendicular to the flyplane at ranges of 2-6 km, but much will depend on how near 
the target speed and crossing range are matched to the controller time constants. 
If the misstleis tracked with the aid of a vidicon and a flare on the missile 
a collimation problem will exist. Collimation errors will arise not only because 
of differential expansions due to temperature changes but also due to a drift in 
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the electrical null axis of the target tracker. Collimation must be capable of 
being checked in the field. Several systems employing two quite separate tracking 
systems have been designed which can keep collimation errors down to 0.2 milliradians 
or. less; 

In a short range system missile g requirements can be very high; many systems are 
designed for a maximum of 25g or even greater. If the impact range is from 1 km 

to 6 km and the engagement time is anything from 2 to 12 seconds it is clear that 
missile g requirements can be changing very rapidly during flight. To keep the 

bias latax miss to say 2m if the missile latax is 200 m/s? requires a guidance loop 
gain of 100 or alternatively a lower d.c. gain plus a fast integrator. The first 
option would pose severe stability problems and would almost certainly result in 

the fin servos being saturated with noise. The second option would probably be 
equally impracticable due to the unstabilising nature of a fast integrator. The 
alternative, we have seer, is to use feedforward terms. Any bias latax miss is now 
due to any imperfections in computing and implementing these feedforward commands. 
In other words, if we adopt a guidance loop gain of say 15 an error of x m/s? in 
computing and implementing this command will result in a miss in the flyplane of 
x/15 m. If the achieved latax due to feedforward is greater than the correct value 
it will fly ahead of the LOS and vice-versa. Put in another way if the feedforward 
command results in 90% or 110% of the correct command being implemented the 

guidance loop provides the other +10% or -10% respectively. In either case the 
guidance accuracy on this account is increased by a factor of 10 to 1. Note that 
the use of feedforward commands makes no difference to the miss due to phasing error. 
Any biases in the autopilot will cause a miss unless there is an electronic 
integrator in the loop. It is customary to estimate the total likely bias in the 
autopilot in п/52 and this will usually be the same figure for each plane for а 
symmetrical cruciform missile. This bias divided by the guidance loop gain will be 
the miss due to this cause. 

And finally, there will be the miss due to thermal noise in the guidance loop which 
is usually small at such short ranges. If now the individual contributions to 
guidance inaccuracy are uncorrelated and can be assumed to have a normal distribution 
we can estimate the total mean square miss by obtaining a mean square sum. This 
assumption is perfectly valid for an input of white noise; provided the system can 
be regarded as a linear filter the output will have a normal distribution with zero 
mean value. The assumption is also valid if the input is glint and it is assumed 
that its spectrum is white noise passed through a linear filter. We are on less 
certain ground when considering biases in say the autopilot. However, an assumption 
often made is that the bias from a large batch of accelerometers, rate gyros etc 

has zero mean value and the distribution of individual biases is a normal one with 
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a lo value equal to half the manufacturing tolerance. 

Before tabulating the various contributions to miss distance we should perhaps 

consider some autopilot imperfections in some detail. Assume that the lateral 

autopilot parameters are those used in the example an in чур 6,3 1:e. 
volt 


accelerometer nominal gain: 0.8 volts m! ES 


autopilot nominal gain 2M SS 


rate gyro nominal gain : 30 volts rad ! S 
If the accelerometer full scale deflection is 30g and the tolerance is * 27 of full 
scale or 5% of the actual value whichever is the greater then a zero demand would 
give a lo bias of + .01 x 30 x 9.81 x 0.8 = 2.35 volts and this in turn produces 
an autopilot bias of 2.35 n/s*. A demand for 25g would give a lo bias of 0.025 x 
25 X99 А1 х0 -81= 4.9т/52. Тһе rate gyro full scale reading is 5 rad/s апа the 
tolerance on bias is + 2% of full scale, and Zn additton there is a gain tolerance 
+ 10% of the actual value (largely because it is blast started and the gain varies 
as the gyro wheel slows down). Hence when the missile is not turning (0g latax) 
the bias is 3 m/s” and when the missile is pulling 25g there is a rate of turn of 
25 x 9.81/500 = 0.49 rad/s if the velocity is 500 m/s. Hence there is likely to be 
an additional bias of 5 x 30 x 0.05 x 0.49 = 3.7 m/s*. A 12 fin bias (lo value) 
open Loop would result in a bias of 11.4 m/s? at the nominal velocity of 500 m/s 
but with instrument feedback this is reduced to 1.3 m/s^. Table 7.7-1 therefore 
summarises the position for zero and maximum latax being pulled in the flyplane. 
The 1с latax error in п/52 has been divided by the guidance loop gain of 15 to give 
the lo miss in metres. It has been assumed that impact occurs at 4 km. A somewhat 
arbitrary contribution to miss distance due to tracking the target has been shown as 
this will depend on many factors as already indicated. However if the missile is 
pulling high latax it means that the sight line rates and accelerations are high; 
target tracking tends to be less accurate under these conditions. 
It is seen that in this hypothetical system a major contribution to miss distance 
is the inaccuracy in target tracking. At high g's there is a large contribution 
due to phasing error in the plane perpendicular to the flyplane; also under these 
conditions there is a significant contribution to miss distance in the flyplane due 
to the variation in the autopilot d.c. gain. One way of improving this system 
aspect would be to vary the autopilot forward path gain as a function of missile 
speed and height. In any case system accuracy is bound to degrade somewhat if the 
missile is pulling high g's. 
A system using a differential tracker 
The contributions to miss distance due to faulty feedforward apply equally to 
systems using differential trackers. However, errors due to tracking the target 
are largely eliminated but there can be a small miss due to the two gains not being 
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TABLE 7.7—1 16 MISS DISTANCE CONTRIBUTIONS DUE TO FAULTY 
COMPUTATION AND EXECUTION OF FEEDFORWARD COMMANDS, TRACKING 
ERRORS, PHASING ERROR ETC 
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precisely equal, see Fig 7.2-4. Collimation error does not arise, but there will 
now be a contribution due to glint. Also, as has been mentioned in section 7.2 

the target tracking loop now does not act as a low pass filter to noise originating 
at the target. 


7.8 SOME GENERAL CONCLUSIONS ON ACCURACY 


There are many techniques available to track targets and missiles, and the contribu- 
tions to miss distance will clearly vary from system to system. For instance, if 
the infra-red emission of the target is sensed by a suitable detector, the phenomenon 
of glint will not arise. However, the seeker may now "see" the target well away 
from its centre, e.g. to the rear of the jet exhaust in the case of a jet aircraft, 
and special techniques may have to be employed to bias the guidance command. 
Nevertheless, it is common practice to make first estimates of system accuracy on 
the lines indicated in the previous section, and to check these results by a detailed 
simulation. If the simulation is a two-dimensional one, the aerodynamics are 
reasonably linear, and no serious saturation occurs in any of the sub-systems, the 
results are likely to be very similar to the original estimates. However, if 

the fin servos should become saturated by noise near interception, or if the 
aerodynamics are very non-linear, or if there is much aerodynamic cross-coupling, 
and a complete three-dimensional simulation is carried out, the results may be 

quite different; the miss is usually much greater. The reason is that the principle 
of superposition cannot be applied when any serious non-linearities are present. 
However, designers are well aware of these dangers and seek to minimise their 
effects, e.g. by roll position control, by using feedback round the missile control 
system to reduce the effects of non-linear or variable aerodynamics, and by suitably 
selecting gains and compensators to avoid serious saturation. Let us therefore 
consider whether we have. designed the "best" system, and by this is meant that 
system which produces the minimum r.m.s. miss. It is clear from the example in 
Table 7.7-1 that the system could be improved by calling for a better roll gyro 

and a better resolver or by specifying roll position control. Or we could try to 
improve collimation etc. But any one of these options will cost money and may not 
result in a more cost-effective weapon; and to define precisely what a cost- 
effective weapon is, in the author's opinion, bordering on the impossible. For 
instance, if a cheaper system results in a given reduction in the chance of a kill, 
how less effective is say a number of these systems against a given number of 
targets arriving at different times? A reduced chance of a kill may significantly 
reduce the chance of the system being able to survive to make a kill eventually. 
What can be said however, is that the preliminary analysis in Table 7.7-1 clearly 
indicates which contributions are really significant. If improvements are to be 
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made, the vulnerable areas are self-evident. 

It is instructive to consider just how many states we are using per guidance loop 
in a LOS system using feed-forward terms. The guidance receiver gives us angular 
error, and if a complex phase advance network is used we estimate error rate and 
the second derivative of error. Missile body angular rate and lateral accelera- 
tion are measured in the missile. The target angular rate is measured and the 
angular acceleration is either measured or estimated by a smoothed differentiating 
network. Missile nominal range and velocity are usually stored in the ground 
computer. This is a total of nine system states. What other information could 
be used? We have already noted in section 7.5 that additional errors can exist 
due to missile orientation and that a knowledge of missile incidence is also needed 
to compensate for this. Surely, with more and better measurements subject to less 
noise and biases we can go on improving the system accuracy. 

It is relevant therefore to ask, how can modern control theory help the system 
engineer? We have seen in chapter 1 that we can achieve better tracking accuracy 
by altering the gains of the target tracking loop as a function of the tracking 
error. But the method of designing the structure.of the overall loop, and the 
design of the filters used in the adaptive mechanism was essentially a trial and 
error (plus experience) process; and in the end we can't be certain that we have 
the best solution. We also found in chapter 6 that we could design a "best" 
autopilot if we used a criterion of performance. The "best" autopilot transfer 
function was defined as that which minimised the integral of the time x absolute 


2-/ le] t dt 
о 


If this definition of "best" is accepted then there is only опе transfer function 
which is best. The design process is now a direct one and is no longer ad hoc. 
Modern control theory goes further than this. Usually the object is to minimise 


error ITAE to an input step i.e. 


an integral of the form: 


б 
Y 2 f 2 e 2 
J= ne | (rix + г + ғау oss. ) dt 
0 
where m. is the distance off the true LOS at the end of the engagement, ху, x, etc 
Е 


are certain system states such as the demanded acceleration and missile fin rate, 
and г}, 72 etc are weighting factors which are usually but not necessarily constants. 
Small values of these constants indicate that the engineering or physical constraints 
on the solution are relatively not very significant; the converse would indicate 
that if the demanded accelerations, fin rates etc are large then the missile is very 
expensive. The difficulty, of course, is to be able to place realistic values to 
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these weighting factors, and some experience in operating with modern control 
theory in conjunction with realisable hardware is necessary in order to arrive at 
realistic solutions. However, what must be stressed is that modern control theory 
will, given the overall system and constraints, produce the best filter design and 
will calculate the best way in which the various gains must be varied with time; 
an on-line digital computer is necessary. It is not surprising that, in practice, 
systems designed with the aid of modern control theory have often turned out to be 
only marginally superior to those designed by ordinary classical methods. Never- 
theless, when one considers that modern control theory can be applied to any system 
(and this could include a new problem where the control system structure is not 
apparent from previous experience), and that computers are smaller, quicker, more 
powerful and cheaper than ever before, it seems inevitable that modern control 
theory will be used more extensively in the next decade or so (5), (6). 
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CHAPTER 8 


HOMING HEADS AND SOME 
ASSOCIATED STABILITY PROBLEMS 


Я 8.1 INTRODUCTION 
In the next chapter we consider the behaviour of systems using homing guidance апа 
it is pointed out that the great majority of these systems use a particular kind of 
guidance law called "proportional navigation" which calls for a rate of change of 
flight path k times the rate of change of sight line where k is called the 
navigation constant. Before this can be implemented we have to compute the sight 
line rate and this is done by including a homing head in the missile. A homing head 
is a target tracker; when mounted in an airborne missile it is sometimes called a 
“homing eye" or a "seeker". In homing systems the sight line is defined as the 
direction of the line joining misstle and target with respect to a space datum. 
Since we will be concerned only with differences or with rates, any space datum will 
suffice. For convenience Fig 8.1-1 is drawn to define the angles in one plane only 
but in practice we will be concerned with two components of sight line rates. One 
simplification which arises when the target tracker is mounted in the missile is 
that no roll resolution is required since the missile control axes (pitch and yaw) 
can be made to coincide with the tracker up-down and left-right axes. Indeed if 
the missile should roll the guidance and control axes roll together. There will be 
no loss of generality if we confine our arguments to motion in one plane. 


8.2 HOMING HEAD REQUIREMENTS 
The accuracy of all target trackers is affected to some extent by the motion of the 
mounting. Since the homing head is mounted on the missile framework, it follows 
that there could be a tendency for "base" motion to contaminate the computation of 
sight line rate. It appears that some sort of gyroscope in the head is required to 
give an inertial reference. In all systems the homing head has to remain stabilised 
in space during a period when there is no guidance signal e.g. in a system when the 
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SPACE DATUM 


FIG 8.1-1 Definition of angles 

target is tracked and illuminated by a special tracker (usually on the ground) and 

the homing eye detects some of the reflected energy. During the boost period the 

excessive motor efflux prevents the rear reference signal getting through and no 

guidance signals are possible. 

Since the homing eye is mounted in a set of gimbals in the missile there is going 

to be limited angular freedom with respect to the missile. It is shown in the next 

chapter that in a well designed homing system the missile automatically develops a 

lead angle and, unless the target starts manoeuvring, the missile tends to fly 

straight near interception. Fig 8.2-1 shows the closing stages of an engagement. 
POINT OF IMPACT 


FIG 8.2-1 Closing stages of a homing trajectory 
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The homing head look-out angle for zero body incidence is the difference between 
the flight path direction and the sight line; the tracking error is normally a 
fraction of a degree. This look-out angle (L) for constant missile and target 
speeds Un and % respectively сап be deduced from 

Um sin L = Uy sin ф 
where $ is the angle the target velocity vector makes with the line joining the 
missile and target i.e. 

sin L = sin ф/п 

where n = Unt For a given speed ratio the look-out angle is a maximum if 
> = 900. Ifa system is designed for near-head-on engagements or tail chases only, 
$ cannot approach 90° in practice, but on the assumption that any geometry of 
engagement has to be accepted and we allow + 15° say for body incidence (i.e. 
Um i Ve) » the minimum angle that must be available mechanically in the gimbal 
arrangement is given in Table 8.2-1. 


TABLE 8.2-1 MINIMUM GIMBAL ANGLE NECESSARY 
FOR A GIVEN SPEED RATIO 


Not possible in 


105) practice 


It has been found that it is not practicable to design homing heads with gimbal 
angles more than + 60°. Many designs are limited to about + 409. It is seen 
therefore that if broadside engagements are to be possible a speed advantage of at 
least v2 is essential. 

And finally the homing head servos which keep the antenna pointing at the target 
must have a sufficiently high bandwidth. It is argued in the next chapter that a 
homing head bandwidth of between 1 and 2 Hz should be adequate for most purposes. 
However if there is likely to be a large and sudden disturbance due to the missile 
rolling and there is much mechanical coupling between the head and the missile body 
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a high bandwidth servo is essential to keep the tracking accuracy well within the 
antenna beamwidth. With fast crossing targets the sight line rate may be 
considerable and the servos must be able to move or "precess" the head at least at 
this rete. 


8.3 SOME ELECTRO-MECHANICAL ARRANGEMENTS 
A target tracker attempts to keep itself aligned with its boresight pointing at the 
centre of reflecting area of the target. With a staionary mounting the accuracy 
will be limited by noise, biases and friction. If there is some base motion which 
tends to disturb the antenna the servos will always drive in an attempt to bring 
the dish back to its original position. In the absence of any base motion the 
supply voltages to the motors could be used as a measure of the antenna steady 
state angular rates, and for perfect servos the antenna rates will always be equal 
to the sight line rates. In practice of course there will be a dynamic lag in the 
antenna following the sight line. In the next chapter desirable homing head servo 
bandwidths will be discussed. Missile motion in pitch and yaw however, poses a 
problem. Depending on the degree of mechanical coupling between the drive motor 
and the head itself, missile motion will tend to disturb the head. The results of 
the servo restoring efforts will now be interpreted as due to target motion and 
spurious steering signals will be generated. Clearly it is desirable for the dish 
to be 1002 decoupled from body motion. 
The electro-mechanical arrangement of a homing head designed at the Royal Aircraft 
Establishment is shown in Fig 8.3-1. The detector is space-stabilised by a gyro 
wheel which is spun up by releasing high pressure air from a small bottle.  Pre- 
cessing torques in the pitch and yaw planes are provided by two pairs of servo- 
operated solenoids. The c.g. of the detector and gyro assembly lies at the 
intersection of the gimbal axes. Such a system is very well decoupled from the 
body. There will be stray torques from the leads to the detector and some 
frictional forces from the bearings but these will be very small compared with the 
gyroscopic rigidity Jo. An objection to the use of solenoids is that forces and 
resulting torques, and hence precessional rates are proportional to current squared 
and are a non-linear function of the air gap. To produce a steering signal 
proportional to sight line rate would need some non-linear compensating circuits. 
A more conventional homing head designed by Marconi Space and Defence Systems Ltd 
is shown in Fig 8.3-2. Conventional permanent magnet d.c. motors and a total gear 
reduction of 200 to 1 are used to drive the head, but this arrangement leads to 
some dish-to-body coupling. Imagine an angular acceleration of the body. Since 
the motor is geared to the body if follows that if the head is to remain 
stationary the motor must accelerate. Also, if there is any relative velocity 
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between the motor rotor and the body a voltage will be generated in the motor 
windings. The design principle is akin to that shown in Fig 1.4-1 in that one 
relies on high gain inner rate loops using rate gyros largely to decouple the head 
from body motion. In some large homing heads hydraulic jacks are used to move the 
head and the mechanical coupling problem can become more severe. The additional 
techniques of "missile compensation" and "line of sight isolation" are discussed 
separately. It can be argued that the rate gyro outputs are not the best signals 
to represent sight line rates as in addition they contain the stabilisation signals 
which we do not want to know about. Ingenious schemes have been devised to mix the 
error signal with the rate gyro signal such that the resultant is the best representa- 
tion of the sight line rate. 

It will be noted that the sight line rates are those as seen by the homing eye and 
except when one looks straight ahead the homing eye axes will not coincide with the 
missile axes. If the outer gimbal is mounted with its axis of rotation in the 

sense 02 and has rotated through o, and the inner gimbal through 8 from the straight 
ahead position, the resolutions which are necessary are 

ò = б> cos B 


and 8 ау = Shy 


where suffices m and h refer to missile and head respectively. This requires two 


cos a + б, sin а sin В 


r4 


5іпе-со5іпе resolvers and these are shown in position in Fig 8.3-2. There is a 
further complication in the gyro wheel stabilised version since the steady precession 
rate about the outer gimbal axis is reduced by the cosine of angle of rotation of 
the inner gimbal i.e. by cos a; the gyro spin vector Jo is no longer orthogonal to 
the torque axis. То obtain an accurate measure of the precessional rate one has to 
attenuate the signal proportional to torqueing current by cos a. Nevertheless some 
systems which expect to have a large speed advantage do not do this resolution; 

if the angles a and 8 are small detailed simulation shows that the accuracy of 
homing is not significantly affected. 

And finally, how does a homing eye acquire a target at all? There are two distinct 
methods. If there is a surveillance radar which has acquired a target as a result 
of an angular search and has stored its angular position the homing head can be 
pointed in the same direction by a simple 1 to 1 position servo link; this means 
that the surveillance radar and missile launcher have to be aligned. The alternative 
method is to make the head search for a target. The two precessing motors are fed 
with signals 909 out of phase with each other causing the head to describe an 
ellipse. If the incoming energy level reaches a certain level these signals are 
inhibited; the homing head should then "lock on". 
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8.4 THE EFFECT OF RADOME ABERRATION 

Consider a homing missile with the target tracker inside a protective cover called 
a radome, the external shape of which is determined mainly by aerodynamic considera- 
tions. The radome causes an angular displacement of the tracking aerial polar 
diagram and the angular difference between the apparent sight-line and the actual 
sight-line is called radome aberration. For a given radome this aberration is a 
function of the angle of look 6 - Vg» See Figs 8.4-1 and 8.4-2. If the abberation 
is not constant any missile motion will change the angle of look and apparent 
sight-line rates will be generated, which in turn will affect missile attitude. 
Small diameter missiles are at a disadvantage here since aberration is a function 
of wavelength-to-diameter. We have to ask 
(a) Can this apparent dish-body coupling unstabilise the guidance loop? 
(b) Can it degrade the system performance? 
(c) How can one specify what sort of radome aberration can be tolerated? 
For any value of 6 - Um the aberration angle can be defined by 

9i e Gem (6 - Ym) (8.4-1) 
where c is not necessarily a constant and y is the aberration slope at that point. 
The value of y is also not a constant, but the following analysis is justified on 
the grounds that it is often approximately constant over a range of angle. Hence 
the angle ө! as seen by the homing eye is given by 

0 = 0 + iic idee сүзі дү (6 - Vm) 

e(1* y) *c- v Um (8.4-2) 


If the homing head produces a signal proportional to sight line rate and the 
autopilot a rate of change of flight path as a result of a command and both these 
Subsystems are adequately modelled as quadratic lags then the block diagram is as 
shown in Fig 8.4-3. The effective forward d.c. gain has been combined as one 
number, k the navigation constant. This number for satisfactory interception of 
targets is usually in the range 2-6. Since the quantity c is an effective input 

or disturbance to the system rates will be generated if it is not a constant. This 
will clearly affect system accuracy; a realistic simulation with a real homing 

head and real source incorporated in the system simulation i$ the only satisfactory 
way of assessing its affect. However, the aberration slope factor y now provides 

a new feedback path and its effect on guidance loop stability will now be considered. 
The transfer function 0/0 is now 


Wp Ve S 1 
Lu e(T * y) с 1,5 ТІС; 
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FIG 8.4-1 Radome aberration 
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FIG 8.4-2 Aberration angle as a function 
of stghtline-to-misstle angle 
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FIG 8.4-3 Parasitic feedback path caused by radome aberration 
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which simplifies to 


iii = CR. (8.4-3) 


S + 4:5 + aos + 215 + 1 


where ад tec e + ky) 


Ф 
сә 
Ш 
| 
+ 
| 
м. 
= 
m 
— 
+ 
ж 
< 
— 


с 
го 
I 
Т 
+ 
+ 
€ 


дын ды 
аклы =з зч ou AUDERET) 
nh na 
The simplest possible situation arises when the autopilot is very much faster than 
the homing head and its dynamics can be neglected. In this limiting case marginal 
stability is when ёт» Ое: 


Zup/ üpn 
or - ky = АД КАР (8.4-4) 


It is seen that only negative aberration slopes reduce stability margins; positive 
aberration slopes increase the effective damping. If pit 1205 E 10, Т; = 1.0 
and К = 4 then the negative slope must not exceed 0.05 or 5%. Homing heads are 
normally designed to be at least critically damped to help in this respect. The 
other extreme case is when the homing head and autopilot have equal undamped natural 
frequencies. The conditions for stability by the Routh-Hurwitz criterion are 

ay (а; - атад/аз) > а; 
With а more realistic model of the system it is seen from Fig 8.4-4 that both positive 
and negative aberration slopes can be harmful but that in general the negative 
slopes are much more critical. The reader should note that at least one writer 
defines aberration as a function of Vn ^ 9» not 6 - 4. In such a case positive slope 
corresponds to our negative slope. If both the homing head and autopilot are heavily 
damped the chance of radome aberration resulting in instability or near-instability 
is greatly reduced. In addition it is seen that the incidence lag is all-important. 
Typically this is about 0.5 s or less for a supersonic missile flying at low 
altitudes but can easily be 2 s or more at near-supersonic speeds and at altitude. 
If a missile operates over a range of speeds and/or heights and radome aberration 
is present, the homing head bandwidth has to be very low indeed say in the range 
4-6 rad/s. The reader is referred to a paper by Jackson (1) which deals more fully 
with this and other allied topics. 
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FIG 8.4-4 Limtting values of aberration slope 
times navtgatton constant 


There is a tendency for homing missile diameters to be smaller than obtained a 
generation ago. This increases the aberration problem as the aberration slope is 
approximately proportional to the number of R.F. wavelengths in the diameter of 

the radome. Thus if the slope is 4% for a 24 cm diameter radome at 10 GHz, it 
should increase to 6% if we go to 16 cm diameter. If we go to 15 GHz and retain 
the original diameter the slope is reduced to about 2.7%. But changing the 
diameter also changes the beamwidth; and this in turn is affected by a change in 
frequency: Also, the slope is very sensitive to the fineness ratio of the radome 
(L/D). The sharper the nose the larger the aberration. The typical figures above 
refer to L/D ratio of 2.5. For an L/D ratio of 1, i.e. a hemisphere, the aberration 
is nearly zero. However this latter course increases the aerodynamic drag 
considerably especially at Supersonic speeds, and the majority of homing systems 
are supersonic. Another technique of reducing the aberration and hence aberration 
slope is to taper the wall thickness very slightly. Frequency agility also reduces 
the effective aberration. With the advent of cheap microprocessors it has been 
seriously suggested that as the approximate aberration for any given head is known 


196 Guided Weapon Control Systems 


beforehand (or can be measured after manufacture), and the angle 6 - yg can be 
continuously measured by two potentiometers on the gimbals, then the aberration 
can be allowed for in a microprocessor. 


8.5 ISOLATED SIGHT LINE AND MISSILE COMPENSATION, 
If valve-controlled hydraulic jacks are used for the dish servo actuators the 
dish-body coupling is a maximum since a hydraulic servo is very stiff indeed when 
the valve is in the mid position. It is a fair approximation to regard the servo 
as producing a dish movement relative to the body; the detector displacement is 
the servo displacement plus that due to the body. The coupled situation for a 


conventional rate gyro stabilised head is as shown in Fig 8.5-1. 
NAV FILTER AUTOPILOT 
ИКА Yo 


IIIS 
F= ISOLATION F 
Yc J 


[zl 


RATE GYRO 
Yg 


FIG 8.5-1 The use of line of sight tsolatton 
where ues is the receiver transfer function plus any network considered necessary. 
Yh is the servo amplifier and actuator t.f. 
Үз is the rate gyro t.f. 
k is the navigation constant. 
Y. is an inter-loop coupling filter t.f. (not always used). 
Ү is the autopilot t.f. for an output of body position. 
Considering the transfer function d/e algebraic manipulation yields: 
$ 1+ АПАА 
1% ЖАР. ў ДАР 5 ШЫҒА 
If опе puts k = 0 then the transfer function is for the simple uncoupled head 
servo. The effect on the servo can be seen to be small if Yn is very large; this 
is not surprising since a servo with a very large gain wipes out disturbances 
efficiently. For moderate values of Yh (and/or large values of Ү29 the effect сап 
be unstabilising. In practice additional feedback as shown called "line of sight 


ojla 
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isolation" is used. By choosing the transfer function Ya carefully one can reduce 
the effect of changes in receiver axis from affecting measurements of sight line 
rate. 
A second technique for improving the degree of system stability over and above that 
obtainable with isolated line of sight is to attempt to nullify the effect of body 
motion by feeding back an additional processed signal from the autopilot rate gyro 
(assuming there is one) as shown in Fig 8.5-2. This method is usually called 
"missile compensation? The reasoning behind this method is as follows. Іп the 
absence of any missile body attitude coupling the transfer function 4/0 is given by 
d 1 


Ө UY Y, + Yol lr + 1 
However there is an additional feedforward path from the point "X" whose transfer 
function is kYiYo. Now the autopilot rate gyro output can, with processing, measure 
body attitude. If, with further processing the transfer function from y, to the 
point "X" can be made equal to ГАА which is the amplifier and actuator transfer 
function this additional negattve feedback has a transfer function of ААА = 
KY: Yo. In practice of course there is not 100% body coupling and the servo is 
probably non-linear. Up to 80% cancellation of body movement has been claimed by 
the use of missile compensation when hydraulic actuators have been used. The 
method is usually not necessary with seekers mounted on a spinning rotor as the 


body coupling is so weak. 
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FIG 8.5-2 The use of missile compensation 
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CHAPTER 9 


PROPORTIONAL NAVIGATION AND 
HOMING GUIDANCE LOOPS 


9.1 INTRODUCTION 
We have seen that command systems are designed to maintain a near-constant guidance 
open loop gain. We have also seen that there are three points which are relevant 
to the guidance loop, the stationary tracker on the ground, the missile and the 
target. In homing systems the target tracker is in the missile and the ultimate 
source of the energy entering the missile homing head is irrelevant as far as any 
of the arguments or discussions in this chapter are concerned, i.e. we are concerned 
with the behaviour of the missile with respect to the target as a result of energy 
emanating from the target. Homing guidance is sometimes called "two-point guidance". 
It follows that as the missile approaches the target in homing systems the gain of 
the angular error detector in the missile increases as 1/ғ where ғ is the instantaneous 
range of the missile to the target; a given lateral displacement off the tracker 
axis appears as an ever-increasing angle as the engagement proceeds. When consider- 
ing homing guidance one must keep this simple fact constantly in mind as it is a 
source both of great strength and great weakness. Since there must be a number of 
lags in the loop it appears therefore that the system must eventually go unstable. 
However, it will be shown that two-point guidance allows one to use sight-line 
rate not sight-line angle as a guidance signal and hence one can. regard the guidance 
loop as containing one inherent differentiation which will off-set one of the 
inherent integrations. There are no immediate concerns over guidance loop stability 
at long ranges; but this will have to be examined in detail for short ranges. 


9.2 A PARTICULAR CASE 
In order to obtain some feel for the problem before resorting to mathematics it is 
worth considering the special case of an interception when missile and target 
speeds are constant and Un/ Ut - 2 say. The target is assumed to fly straight and 
initially we aim at the target in the same way as we would with a CLOS or beam- 
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riding system. The guidance loop is engineered to produce a rate of change of 
trajectory (ve) which is k times the rate of change of sight line (6) and k is 
called the navigation constant, i.e. 


ve = КӨ (9.2-1) 
Two cases are considered (a) k = 1 and (b) k = 4 and lags on the system are 
neglected. In Fig 9.2-1 Мо» М1» M, and To Ті» ТЕ аге positions of the missile 
and target at launch and at successive intervals of time after launch. Dotted 
lines represent the sight line. If the navigation constant is unity then it is not 
difficult to see that as the trajectory direction changes at the same rate as the 
sight line and one aims at the target in the first place then the line drawn 
tangential to the missile flight path must start and remain coincident with the 
sight line. Since a tangent to the flight path indicates the instantaneous 
direction of the flight path such a trajectory is often referred to as a "pursuit 
course" as it is the sort of trajectory a dog might conceivably follow if chasing 
a rabbit. He always heads for the "target" and never attempts to aim ahead. If 
a navigation constant of say four is used, initially the sight line rate must be 
the same as in the first case, but the missile steering commands are four times as 
great; as a result the missile veers off much more to the left. Surely, if one 
manoeuvres energetically early on, there will be less and less to do as the 
engagement proceeds? Examination of the diagram shows that the sight line rate does 
reduce as the engagement proceeds. It is most important to realise that such a 
guidance law automatically establishes a lead angle. Indeed, one can take the 
argument further. Consider missile and target flying straight at constant speeds, 
Un and Uc respectively and intercepting at I, Fig 9.2-2. Since 


MI 
(9.2-2) 


Un 
% 


Successive sight lines 
remain parallel to 


Um аха i RA MER А = ур. A Ut Mg To 


FIG 9.2-2 A constant bearing collision course 
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then it is clear that the triangles Mots MT I, etc are similar triangles and 
therefore successive sight lines Mos МТ, etc are parallel i.e. the sight line 
does not rotate. This very simple fact is the basis of proportional navigation. 
If the sight line does not rotate in space then no steering commands are necessary 
as one is on a collision course. If the sight line does rotate (i.e. 6 exists) 
then a change of trajectory direction is required and it must be in such a sense 
as to reduce 6. Clearly the plane of the manoeuvre must be in the plane of 6. 
Imagine the missile to be roll position stabilised. The homing head measures the 
vertical component and the horizontal component of sight line rate and passes 
these signals suitably scaled to the elevator and rudder servos respectively. Even 
if the missile is not roll position stabilised no resolution is necessary as the 
homing head rotates with the missile and missile servos; so no vertical reference 
is necessary either. 

The concept of proportional navigation probably originated with mariners who must 
have known for centuries that if any object, moving or stationary, appears 
stationary and looms larger and larger then a collision is inevitable unless a 
change of course is made. It will be shown that in a well designed homing system 
lateral accelerations tend to decrease as one nears the target (providing the latter 
does not manoeuvre). In command systems for approaching targets this can never be 
50; lateral accelerations tend to increase towards impact. Consider a simplified 
situation as shown in Fig 9.2-3. Suppose the missile maximum lateral acceleration 
during an engagement of duration T seconds is f in both cases, but assume it 
decreases linearly with time in case 1 and increases linearly with time in case 2. 
If no allowance is made for the fact that the direction of latax is continuously 
changing then: 
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FIG 9.2-3 Missile acceleration, velocity and displacement/time 
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Case 1 Case 2 
missile lateral acceleration fes m GE САП T f t/T 
^ А f | 
lateral velocity =f f (1 - t/T)dt +С, Hrs т Је + 
= (t - t°/2T) + Cy ef тана 
аа: 5 TUS 
lateral displacement sf e er) htt laerei Tv Gt, 
and for zero initial conditions, putting t = T these expressions reduce to: 
ғт2 . ғт2 
Mp : = 


This is not surprising as lateral displacement is the moment of area of the lateral 
acceleration/time graph and the moment of area about the point t = T for case 1 is 
twice that of case 2. Put in another way if a lateral displacement has to be made 
by the missile because the target velocity is not directed towards the missile 
launcher then a homing missile using proportional navigation will require less 
latax than one using CLOS or beam-riding guidance. Of course, in homing systems 
given some computing facilities one can aim off in the first place to reduce latax 
requirements still further. We now proceed to a more general analysis. 


9.3 THE MATHEMATICAL MODEL 

There is a formidable difficulty in arriving at a general solution of the equations 
describing the behaviour of homing systems using proportional navigation. One can 
assume a linear model for the homing head and autopilot and linearity of the 
kinematics can be obtained by assuming that the effect of target manoeuvre, noise, 
or a heading error of the missile from the ideal direction which would lead to a 
constant bearing collision course, as a small perturbation from that collision 
course. This allows one to make small angle approximations. If one's attention is 
directed to the closing stages of the engagement this could be argued to be a fair 
approximation as the missile is usually on a near-constant bearing trajectory just 
before impact. The assumption is less valid if the target makes a large evasive 
manoeuvre during this period as our simplified geometry could undergo a good deal 
of distortion. Fig 9.3-1 defines the interception geometry. 
The target is flying at % to the original sight line ШО which is regarded as 
a reference direction, and the missile is flying at a small angle Ve to the 
correct flight path to obtain a collison at I. The correct flight path angle Ufco 
is given by: 

0, Sin tro” Ut sin % (9.3-1) 
There is іп fact an imaginary line which travels up the paper parallel to Moto at 
a velocity of Un sin Veco Any perturbation of the missile and target perpendicular 
to this line is denoted by 28 апа 2. respectively. Тһе following relationships 
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FIG 9.3-1 Interception geometry 
for the closing stages of an engagement 
follow: 
tan 6 = (2. - zit = (2. - 2) Чут (9.3-2) 
and for small angles Ө = tan 6 (9. 3-3) 


where 6 = Sight line angle 
r =the instantaneous range from missile to target 
U. = the relative or closing velocity = Um COS je - Uc COS Фф, 


and the time to go considered zero when r = 0. 


d 
Ш 


The method used by the author to compute miss distance in one plane is to compute 
Zp 2, atre 0. This is not the true vector miss distance but it can be shown 
that this is very nearly so provided that the- concept of small perturbations still 
holds. 

How does such a model look in the conventional closed loop representation? If 


Ve is small we can regard Ve = Veco because 


Ve = 9ғсо t Ye (9. 3-4) 
and COS фу = COS (eco + Ve) = COS фр, COS Vet sin Veco sin Ve (9.3-5) 
-l < and can 


It is assumed that the homing head steady state gain is Ky volts rad 
be modelled dynamically as a second order lag. This signal is passed to a 
navigation constant amplifier of gain Ko volts/volt. The autopilot employs accelero- 
meter plus rate gyro feedback so the steady state gain is sensibly constant at k3 m 
g^? volt |, and again is adequately modelled as a second order lag. The combined 
gain of these three items has been shown as K = кк. We observe that only 
relative movements perpendicular to the sight line will be seen by the error 
detector in the homing head. The closed loop model therefore is as shown in 


Fig 9,3-2, 
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FIG 9.3-2 Small perturbation closed loop representation of a homing head 
Since the time to go t = T - t, where T is the time to go for the initial positions 
MoTo’ is common to all systems and engagements, all systems will, for the same 


dynamic: lags, be identical if 
К cos Veco 7 а constant = a, say. (9.3-6) 
Ё 


This constant a has no dimensions and is usually known as the kinematic gain or 
kinematic stiffness; it is not the open loop gain: The open loop gain is о/т. If 
an optimum value for a exists then it follows that one should adopt a navigation 
constant such that ТЕ P 


А COS %-со 


(9.3-7) 


It will be shown that in most cases о should lie in the range 3.5 to 4. Now, Veco 
cannot exceed about 45° because of mechanical angle of look considerations and in 
most cases is likely to be much less than this. We can deal with this variable in 
real systems in one of three ways: 
(a) neglect it altogether as is the usual case in CLOS and beam-riding systems. 
Its existence results іп а small loss of open loop gain. OR 
(b) make the approximation that 0.707 < cos Veco 1 and therefore cos Чот . 85. 
OR 
(c) compute Әр ОҒ Veco: Тһе author knows of no system where this has been done. 
The computation or otherwise of 0, will be discussed later. 
Suppose now that the missile autopilot uses rate gyro feedback only, and that the 
instrument feedback is lagged by a time constant which approximates to the incidence 
lag; such an autopilot produces a flight path rate as a result of a demand. For 
such a system denote the navigation constant as k (dimensions are rate of change of 
flight path/rate of change of sight line i.e. no dimensions) and since 

is de Un (9.3-8) 


then this system is equivalent to one with a lateral acceleration autopilot if 


Proportional Navigation and Homing Guidance Loops 205 


k = K/U, (9.3-9) 

a U; 
i.e. k = 4—————— 9.3-10 
Un соз V fco 


It is perhaps easier to envisage such a system rather than the acceleration system. 
Suppose Un Pt = 2. Then: 

(a) for head on attack 0, = 1.5 and. cos ыз 

(b) for broadside attack ДЫ. = 0.866 and cos Vico С .866 and 

(c) for a tail chase Ur / Un = 0.5 and cos Veco = ibe 

For case (a) therefore one should demand a flight path rate six times the sight 
line rate for о to be 4. For case (b) the demand should be four times the sight 
line rate and for case (c) the demand for flight path rate should be reduced to 
twice the sight line rate. 

There is a simple physical explanation why the navigation constant should be 
proportional to the relative velocity. In any given system the gain of the homing 
head increases inversely with range to go; and this is the same thing as saying 

as inversely with time to go times relative velocity. But in all situations there 
must be four seconds, three seconds, two seconds, one second to go etc. Soa 
situation where the relative velocity is low e.g. a tail chase, results in a large 
gain for a long time due to the range effect; therefore the navigation constant 
should be reduced. When there is a head-on attack, a short range and therefore 
high gain, exists for a short time only and therefore the navigation constant should 
be set higher. We are dealing with a situation where the open loop gain is time 
varying, and all systems have the same open loop gain at the same time to go if o 
is a constant. If a = 4, then the open loop gain is unity for т = 4, it is 2 for 
ПЕКО ЕТАР [Капа S fort 0752 


9.4 ASUMMARY OF PREVIOUS WORK 


All published works known to the author have made use of the simplifying assumptions 
of small perturbations about a constant bearing trajectory. Cornford and Bain (1) 
obtain a general solution for the trajectory of a missile. Due to the complexity 
of a general solution systems represented by a single time constant only are 
considered. Nevertheless this fundamental work established the significance of 

the kinematic gain a and all subsequent works in this field have pointed out that 

it is this quantity which is fundamental and not the navigation constant itself. 
Bain and Trebble (2) extend the analysis to a system represented dynamically by a 
quadratic lag and obtain general solutions for miss distance due to a target 
evasive manoeuvre, linear noise and angular noise. Discreet values of a of 1, 2 
and 3 are considered. Bain (3) extends this work and includes an analysis of miss 
distance due to an initial missile heading error. Jenkins (4, 5) considers the miss 
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distance due to a missile heading error, a target evasive manoeuvre and a target 
weave. Missile latax limits are placed on the missile for the first two cases. 
Again, the system is represented by a second order lag. Heap (6) produces some 
interesting trajectories for noise-free systems and discusses, in general terms, 
the effect of noise and optimum filters. And finally, Nicholls (7) has determined 
the accuracy of a system modelled as fifth order (an additional first order filter 
between the homing head and autopilot) with various initial conditions and 
disturbances. 


9.5 THE EFFECT OF A MISSILE HEADING ERROR 
It is instructive to obtain a general solution for the lateral acceleration of 
the missile if it has a small initial aiming (i.e. heading) error Ves A simple 
solution is available if all the lags in the system are neglected: This may seem 
to be too unrealistic to be of any value; nevertheless the reader will find that 
the solution is significant and provides useful information concerning the 
behaviour of homing systems when the engagement time is long compared with the 
system reaction time. The reader is reminded of the mathematical model; if the 
missile is flying at constant velocity in the direction V fco (i.e. the "correct" 
flight path direction) in Fig 9.3-1 and the target continues to fly straight at 
constant velocity in the direction % then CDI 2 = + = 0 for all values 
of t. If however the initial flight path direction is in the direction фу there 
is an aiming or heading error M equal to Ve - Ufco* A very common heading error 
Shor фу to be equal to zero which means of course that we are initially aiming 
at the target. If Ve is negative the initial launch is usually termed a "lag" 
launch since we are aiming behind the target. If Ve is positive the initial 
launch is usually termed a "lead" launch; clearly a lead launch reduces the latax 
required by the missile. Therefore for a small aiming error M the missile 
velocity perpendicular to the collision course is Ue and the component perpendicular 
to the "reference" sight line is Un Ye COS Ufco* The block diagram for a lag-free 
system is shown in Fig 9.5-1. It is perhaps easier to see now why a heading error 


FIG 9.5-1 Lag-free system with step velocity input 
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is not a step position input. The error in position, in the absence of guidance 
commands, will increase linearly with time and this is why a heading error is 
often called a step velocity input. 
By inspection, the output 24 due to the input сап be written down thus: 

2 


m 1 
тт = — 9.5-1) 
Uw. COS wp a ( 
me fco s+ TIF 
or, in differential equation form: 
(D + T) Zn = Ше COS Veco (9.5-2) 
The solution to this equation is: 
б T-t а-1 4 
2-19 COS 90 = (ae nmm (9.5-3) 
This can be differentiated twice to give Zw 
doe @ Й а-2 g 
Za v6 Ue COS фр, T (1 - t/T) (9.5-4) 
and since E d^ COS фр, this can be rearranged non-dimensional ly thus: 
$m 
m а-2 
“жс a(l - t/T) (9.5-5) 
те 
For = 1, 2, 3, 4 equation 9.5-5 can be shown іп Fig 9.5-2: 
5 
4 
3 
Srl 
Um Ve 2 


FIG 9.5-2 Misstle latax for a step velocity tnput-lag free system 
It is seen that if a = 3, the missile lateral acceleration decreases linearly with 
time; if a = 4, the initial value is greater of course but the missile lateral 
acceleration towards the end of the engagement is very small; the trajectory 


208 Guided Weapon Control Systems 


approximates to a constant bearing course eventually. When о = 2 the lateral 
acceleration remains constant i.e. the trajectory is an arc of a circle. The 
validity of this solution can easily be checked. The value of Zn at t = T due to 
a heading error with no steering commands is: 

Zn = Umea COS Veco T (9.5-6) 
If the missile lateral acceleration ТЕ = а constant, then the lateral displacement 
perpendicular to the initial sight line at t = T is given by, 


М 2 а, 
LANE T UP E V fco T (9.5-7) 
The value of ge is given by substituting a = 2 in equation 9.5-5 and is: 
To 2-2 Uve/T (9.5-8) 


Substituting this value in equation 9.5-7 yields: 

2. еде Uwe COS Ver, T (9.5-9) 
Thus the total displacement of the missile at t = T is zero. Inspection of equation 
9.5-5 shows that in general lateral acceleration is inversely proportional to the 
time of the engagement and this clearly indicates that missile lateral acceleration 
limits may restrict the system coverage for short range engagements; in this one 
sense there is a similarity between 3 point (LOS) and homing systems. 
What is the optimum value of a? Suppose we wish to minimise the integral with 
respect to time of the missile squared lateral acceleration with a the variable. 
To evaluate this we can use equation 9.5-5 and make the substitution 


t=1-t/T 
such that dt = - атт 
Hence when © = 0 т = 1, and when © = Т т = 0. Using this substitution we find 
IE U 2 y2 2 
Pe DA о 2 


For optimum a — dt = 0 from which a = 3 


0 
RI 2 
да fn 


0 

Before looking at results pertaining to а more realistic model of the system we 
should consider what would happen if a is less than 2. Inspection of equation 
9.5-5 shows that with a less than 2 the demand for lateral acceleration tends to 
infinity just before interception and therefore the legitimate steering commands 
cannot be implemented at this crucial stage of the interception. A miss must 
result and this could be large. If a is set high (5 say) a large lateral accelera- 
tion will be demanded in the early stages and the missile may stay on limits for a 
while. In this respect homing systems are completely different from 3 point 
systems. If the missile limits on acceleration for more than a very short period 
in the latter case it will rapidly move out of the line of sight or beam and this 
means an abortive mission. Homing systems are far more flexible. 
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Now to results pertaining to a more realistic model of a system. Figs 9.5-3 to 
9.5-6 show missile lateral acceleration/time for a heading error. The results 
have been obtained by the author on an ICL 1903A digital computer using an analogue 
simulation program. It is assumed that the homing head is the main lag in the 
system and that both homing head and autopilot can be represented by second order 
lags. If this is accepted then all systems must lie between the two extremes of 
(a) “ла = Yh (autopilot and homing head lags equal) 

(b) na = (autopilot infinitely faster than homing head and therefore 
effectively only one quadratic lag in the system). 

Results have been shown for a badly and a well damped homing head, for practical 
values of a of 2.5 and 4.5 these being on the low and high sides respectively and 
for relatively "short" and "long" engagements defined by nh! = 10 and 30 
respectively. For comparison the results for a lag free system are also included. 
It will be seen that short engagements, inadequate damping and high values of a 
result in oscillatory responses. The autopilot damping ratio has been set to 0.5 
in all cases. 


Figs 9.5-7 to 9.5-9 show graphs of miss distance М, due to a heading error. 

These graphs have been plotted against a normalised length of engagement Wah! 

all points on all graphs have been plotted for t = T. In other words, these graphs 
are loci of the miss distance for all possible lengths of engagement less than 

T= 30/o nh: Despite the fact that the non-dimensional miss and the non-dimensional 
engagement time are arrived at very simply by dimensional analysis, nevertheless 

it is instructive to justify the method of presentation. We have seen in section 
6.3 that the normalised time (or frequency) response of two systems will be 
identical if their normalised differential equations are identical. The time 

or frequency scale of the responses will differ in proportion to the normalisation 
frequency ug. Consider the system defined in equation 9.5-2. Now introduce the 
two dynamic lags in the system and the characteristic equation reads 


(027a + 2, Уш, + 1) (02/2 + 2u,D/u,, + 1) + т z, = 0 
(9.5-11) 
Imagine two situations: 
(a) A given homing time T, a given uo, and a given ша” 
(b) А homing time equal to Т/2 say, апа nh and wpa twice the value as in (a). 
The value of wahl is the same in both cases, and so is the value of Ooh na’ If 
equation 9.5-11 is multiplied by T - t, then it is easy to see that the coefficient 
of D in situation (b), for a given value of t (we have a time varying gain) is one 
half of that in situation (a). The coefficient of 02 is one quarter of that in 
situation (a), the coefficient of р? is опе eighth of that in situation (а) etc. 
In other words if the homing head and autopilot are made twice as fast and the 


210 


fmT 
ӘтФе 


Guided Weapon Control Systems 


LAG FREE SYSTEM 


6 а= 2:5 — -—-— SINGLE QUADRATIC LAG 


ade. eee BIQUADRATIC LAG (png Un 


FIG 9.5-3 Missile Lateral Acceleration/Time For a Heading Error 
Whe = 10 Wy = 0.25 NES 0.5 No Latax Limits 
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FIG 9.5-4 Missile Lateral Acceleration/Timée For a Heading Error 
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211 


212 


Guided Weapon Control Systems 


LAG FREE SYSTEM 
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FIG 9.5-5 Missile Lateral Acceleratton/Time For a Heading Error 
“Т = 80 uj = 0.25 пуа 0.5 No Latax Limits 
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FIG 9.5-6 Missile Lateral Acceleratton/Time For а Heading Error 
“Т = 30 и = 2510 Wy = 0.5 No Latax Limits 
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FIG 9.5-7 Miss Distance Due To a Heading Error 
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FIG 9.5-8 Miss Distance Due To a Heading Error 
Biquadratie System “ал Wipe Va = 0.5 No Latax Limits 
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FIG 9.5-9 Miss Distance Due To a Heading Error 
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engagement time is halved then in situation (b) we have a transient which occupies 
one half of the time that obtains in situation (a); their normalisation frequencies 
differ by a factor of 2 to 1. Put in another way in situation (b) the faster 
missile is starting at one half of the missile-to-target range and starts off with 
twice the open loop gain as well. 

Now consider the linearised miss. We are still dealing with a linear system 
despite the time-varying gain. Therefore the miss М, should be proportional to 
the size of the position input which is U wel: Therefore М/Ф eT is the correct 
normalised miss. However since for any point on the graph Onn! is a given number 
then instead of dividing by T we can multiply by vah’ In this way the graphs show 
the normalised miss for a given aiming error etc as a function of length of 
engagement; the time of the engagement does not figure in the calculation of the 
ordinates. For a = 2.5 to 3.5 and reasonable damping it is seen that there should 
be a very small miss if шаа! > 25 or thereabouts for equal dynamic lags, and if 
Wah! > 15 if the autopilot is much faster than the homing head. Nevertheless with 
a = 4.5 and poor damping of the dominant lag the system takes a long time to 
settle and this effect is more pronounced when the lags are equal. Іп general 
damping which is on the high side is preferable to light damping but the response 
сап be rather sluggish with well damped systems and low values of a. The general 
conclusion is that a proportional navigation law will tend to produce a zero miss 
due to a heading error provided there is time for the transient to decay and this 
time depends on the nature of the lags in the system and the value of a. For 
equal lags, o = 3.5 and y = 1.0 the maximum miss will occur if Ohl = 3 and is 
given by MO 

т---- = 2.7, from fig 9.5-7 


If Um z 500, Зам 0.3 апа oh T 6 then М, = 67.5m. Since the time of engagement is 
only 3/6 = 0.5 s it follows that the miss would have been 500 x 0.3 x 0.5 = 75m 

if there had been no reaction at all. These graphs illustrate why an assumption 
of "at least three seconds homing time is required" is often made in preliminary 
studies on the coverage of homing systems. If missile homing head and autopilot 
bandwidths of 6 and 12 rad/s respectively are adopted then three seconds homing 
time means that the normalised engagement time is given by nh! = 18 and this is 
just about a minimum engagement time for such a system. A faster system needs less 
homing time of course. A value of a = 4.5 is seen to be unnecessarily high for 

the system to deal with a heading error; the trajectory is oscillatory. 

Consider now the possible effects of the system becoming unstable at a short range 
to go when the open loop gain is high. If instability sets in say half a second 
before nominal impact, the control fins go hard over instantaneously and 15g is 
developed 0.25 s later, then the miss due to this effect is 0.5 x 15 x 9.81/16 = 4.6m. 
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The author considers that most well designed systems go unstable rather later than 
this and the effect of instability on accuracy is usually very small. To convince 
the reader that homing systems can easily go unstable in practice is, oddly enough, 
not easy. In the absence of noise (no real system is ever entirely free from noise) 
a long engagement results in the transient decaying before instability sets in, and 
the effect is not apparent. If the engagement is very short oscillations do not 
have enough time to build up. Consider the graphs in Fig 9.5-9 which have been 
computed for Onn! = 20 and an underdamped homing head; this engagement is neither 
"short" nor "long". The response of a lag-free system is shown for comparison. Any 
response of a real system which diverges from this with time can be regarded as 
unstable. It is not possible to discern instability for a = 2.5, but for a = 3.5 a 
system represented by a single quadratic lag could be argued to be unstable later 
than t/T = 0.75 say. For а = 4.5 instability sets in at about t/T = 0.6. By 
inspection of Fig 9.3-2 we can write down the transfer function for a system with 

an infinitely fast autopilot (i.e. only one quadratic lag effectively): 

4 1 


(s [И + 2u,S/o 4 + 1) tS/a +1 


ole 


It is realised that the Routh-Hurwitz criterion of stability applies to polynomials 
with constant co-efficients and that there are other stability criteria which are 
applicable here. Nevertheless what would this criterion predict if (erroneously) 
the coefficients were "frozen" at a given value of t? Such a system is unstable 


pr ауа) < ааз i.e. 4 2и, | 
— Х--- < 
Sy nh nh 
i.e. т< a/2uy Wah 
i.e. т/Т < o/2uy Onn! (9.5-13) 


The graphs in Fig 9.5-9 have been computed for Wah! = 20 nc Шы,” 0.25. Therefore 
in this context equation 9.5-13 сап be simplified to: 

t/T < a/10 (9.5-14) 
Since t = T - t and t/T = 1 - t/T it is seen that for a = 3.5 instability is 
predicted to set in at t/T = 0.65, and for a = 4.5 at t/T = 0.55; and the agreement 
appears to be good. It is very easy to demonstrate early instability for systems 
with high kinematic gains of 5 or more. 
Nevertheless, even though the Routh-Hurwitz criterion appears to give an approximate 
guide to instability in such a case it is pointed out that the homogenous 
equation for z, obtained from equation 9.5-12 i.e. 


2a D н 
лай p r (9.5-15) 
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differs from that for 2; апа Ж due to time appearing in the equation i.e. there 

are different criteria for the instability of displacement, velocity and accelera- 
tion! Cornford and Bain (1) pointed this out and virtually dismissed the subject 

of instability. As far as is known the possibility of homing systems going unstable 
has not been discussed since. 

The effect of missile latax limits is now discussed. Since for a > 2 maximum 
demands occur early rather than late, if limiting occurs the missile will stay on 
limits for a while but may come off limits later and a hit may result. Consider 
therefore a system with a set to 3 and the "g" limiters set to a hypothetical but. 
convenient value of 2 Un 0/1. Тһе missile will try initially to accelerate 
laterally to 3 Un 0/7, see equation 9.5-5 and being unable to do so will remain 

on limits for the whole of the engagement. Since in any real system there will be 

a time lag before full latax is developed it follows that a miss must result. 

Hence, for an engagement to be successful о must always be set to > 2 and the "g" 
limiters must be set to a value in excess of 2 Un v,/T. A number of computer runs 
have been done with this in mind; in each successive run the value set on the 
limiters was reduced. Each series of runs was terminated when, as a result of 
prolonged limiting, the miss distance was seen to increase suddenly and appreciably. 
Clearly the longer the time of the engagement the more nearly does the critical 
value of limits approach 2 Un ye/T. If the achievable lateral acceleration te is 
gi ven by: 


foe эү (335218) 


then Table 9.5-1 gives the minimum value of с for.a number of possible system 
parameters such that limiting will not contribute to miss distance. 
TABLE 9.5-1 MINIMUM VALUES OF c 


4.5 2.0 RAS 4.5 


2.8 227 

255 2.5 А : 255 

2.4 2.4 5 i 2.4 

2:3 253 : : 22 
=10.5" апа 8. uir 2 M in all cases 


A note of caution when considering transient effects, whether it is in connection 
with miss distance or minimum acceleration requirements. It is usually quite 
accurate to assume a constant figure to represent the homing head dynamics, but 

this cannot be so for the response of the autopilot. If the missile is launched 

from rest it may take two or three seconds to attain full speed. During the early 
part of this boosting period it will have an appreciably slower response than at full 
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Speed due to the very low aerodynamic gain. However fast we make the homing head 
response, the actual time that has to elapse before the autopilot can respond 
quickly must, in practice, limit the absolute minimum homing time for a given miss 
to a heading error. Moreover, figures quoted in Table 9.5-1 are for 44422: lwnh: 
These values will certainly be optimistic if the autopilot has a low bandwidth and 
takes a long time in attaining it. In this respect, air to air missiles have a 
Slightly better transient performance, since they are launched with a non-zero 
velocity. Further insight on the kinematics of homing can be obtained by considering 
the flight path of a lag free system with a heading error V, intercepting a 
stationary target at T with a set to 2. Referring back to Fig 9.3-1 and equations 
9.3-2 and 9.3-3 we can write 

oie (269 Z,)/U,t = (2+ - УУДА (T - t) (9.5-17) 


For a heading error z O for all values of t for a stationary target. Hence 


а 
LL 9,5-18 

6 - IDE 
тт ( ) 


This is readily differentiated with respect to time to give 


: cites t)(- 2.) EAT. 
арсаи 


(7-6 
Putting t = 0 and noting z, = 0 
U y 0 ) 
да әс; Еле са Ie a 
д = UT. n (9.5-19) 


where Ro is the initial range. In other words the initial sight line rate is not 
affected by the actual value of the relative velocity. Fig 9.5-11 clearly shows 
that for a eonstant flight path rate (or lateral acceleration) the total change in 


FIG 9.5-11 A homing trajectory with a = 2 


flight path angle from the launch to interception is twice the total change in 
sight line angle (v,). Now consider a moving target and assume say that Ue 01/3 
and its velocity is in the direction Molo: In this case US is reduced by a factor 
of 2:3 and the time of engagement has been increased by 3:2. But for the same 
heading error the initial sight line rate will be the same. Since now the inter- 
ception will be at a point well to the right of То ме do not need such a large 


222 Guided Weapon Control Systems 


demand if the acceleration is to remain constant throughout the trajectory. 
Conversely if the target is coming towards us such that U, is increased we have 
less space (or time) in which to change the missile flight path; hence the 
command to the missile must be greater. This clearly demonstrates that if the 
demand to the autopilot is proportional to sight line rate times the relative 
velocity then the general shape of the trajectory as a function of time is 
invariant. 

And finally we should note another form of "heading error". Whatever the initial 
conditions, the homing head itself must be pointing very nearly at the target; 
certainly within one half of its beamwidth. If there is a small dish pointing | 
error at t = 0 this will introduce a transient into the trajectory. It is а | 
step position input to the homing head. The effects of this input are not shown | 
graphically but they are approximately twice that for a heading error. The 

transient takes exactly the same time to die away as that for a heading error; 

however, since the dish pointing error is at most likely to be two or three 


degrees, the effect on miss distance must be small except for extremely short 
engagements. 


9.6 MISS DISTANCE DUE TO A TARGET LATERAL ACCELERATION 
In this case it has been assumed that the perturbation from the constant bearing 
trajectory is due to the target executing an evasive manoeuvre equal to a constant 
g turn T seconds before interception. If the target lateral acceleration is f, 
then the component perpendicular to the original sight line is f. COS фе, and the 
component of velocity perpendicular to the original sightline is f. cos óg t. When 
considering heading errors we said that there was an input velocity equal to 
Um Ye COS Veco: Since the system responds to relative motion it matters not whether 
we regard this disturbance as a missile lateral velocity or target lateral velocity. 
Hence, the differential equation must be of the same form as equation 9.5-2: 


(D + 


T 2 62, 5 Т cs. (9.6-1) 


The solution to this equation is 


ОСОБ (Tt). 
ee 0 атут етет ums 


т Q = a= 


This can be differentiated twice to yield 2: 


7m E Ty cos фо {5} (1 = (1 x ADS 1 2) 
Непсе: 
cos % T ee 
f = fi 5 COS Veco Ет. ОДЕ) } (9.6-2) 


Again it is seen that if a « 2 then Ta > as t = T. If the effect of the cosine 
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terms is negligible (e.g. head on or tail chase) it is also seen that if o = 3 the 
initial missile acceleration is zero even Zn a Lag-free system and the terminal 
latax is three times the target latax; if a = 4 terminal latax is twice that of 

the target. The limiting case for a = ~ is for the effective missile latax to 
equal the target latax throughout the engagement. 

Fig 9.6-1 shows missile lateral acceleration as a function of non-dimensional time 
t/T for Wahl = 20 and for a biquadratic representation of the system; the full line 
in each figure shows the response of a lag free system as given in equation 9.6-2. 
The trajectory therefore is quite different from that due to a heading error. If 

a > 2 then the missile latax decreases as the engagement proceeds for a heading 
error; in the case of a target lateral acceleration the missile latax increases 
from zero to a maximum at impact. In the latter case limiting will occur, if it 
occurs at all, near and at the end of the engagement. If this occurs for a second 
or so the effect on system accuracy can be disastrous. 

The miss distance М, due to а target lateral acceleration commenced at Т seconds 
before impact is shown in Figs 9.6-2 to 9.6-4. It was thought desirable to put 
some limits on demanded lateral acceleration. For a = 2.5 the lag-free effective 
terminal missile latax is five times the target effective latax and simulation has 
shown that in a system with dynamic lags, if the limits are set to about 25% in 
excess of this then limiting does not result in any serious degradation of accuracy. 
The main reason for this additional missile latax being necessary is the "lost" 
time due to the homing head and autopilot dynamic lags; as with heading errors these 
lags become relatively less significant for longer engagement times. For a = 3.5 
and a = 4.5 the limits have been set to lower values but in both cases they are 

25% in excess of the respective terminal lag-free value. Since setting the limits 
appreciably below these values would have resulted in large miss distances it was 
considered better to set them at the minimum acceptable value for an accurate 
interception to be possible. Setting these limits any higher would have had only 

a very minor effect on the shape of these graphs. The justification for the 
normalisation of the miss is as follows. If the target manoeuvre commences at T 
seconds before nominal impact then it has manoeuvred a distance of 0.5 f. COS %, Е 
perpendicular to the sightline direction, again ignoring any significant distortion 
of the original interception geometry. So the normalised miss could read M/F cos 
% T. (Had the figure of 0.5 been included the ordinates would have been plotted 
twice as large.) For any given point on a graph Wah! is defined Jen order to 
keep engagement time out of the ordinates one has to multiply by wnh instead of 
dividing by T^. 

It is seen from the figures that о = 2.5 is not good for intercepting manoeuvring 
targets, especially if the main lag in the system is well damped. The response is 
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too sluggish. Also, of course, the missile terminal latax is very high. A 

value of a between 3.5 and 4 appears to be best. Values much above this result 

in an excessively oscillatory response especially if the main lag is underdamped 
There is a nice balance between good damping to reduce oscillations in the response 
and too much damping which delays the response especially with low values of a, 
hence favouring the target which manoeuvres a second or so before impact. The 
optimum time for the target to start a manoeuvre against a homing system whose 
autopilot is between two and five times as fast as the homing head is T seconds 
before impact where Onn! SESI Oh 7 4 this is 2 seconds before impact. If 

the autopilot response is about the same as the homing head the target has more 
latitude in time to make a successful manoeuvre and the resulting miss distance 

can be much greater. 

Consider now the magnitude of the miss that can occur due to a sudden target 
manoeuvre. The most pessimistic results will occur when the homing head and auto- 
pilot dynamic lags are equal and a is low; say a = 2.5, S pue ee 5 and i 120; 
Fig 9.6-2 shows that the maximum normalised miss occurs at about Onn! = 10 (i.e. 
the target started manoeuvring at 2 seconds to go); the numerical value is 17. If 
the engagement is head-on or tail chase cos b> = 1 and the К ып of the 
target for Pe = 10 say is 20m. The actual miss 15 17 x 10/5” = 6.8m. This could 
be a very large miss indeed if the target pulls several g. For smaller values of 
Onn! the graphs show that the miss appears to increase approximately parabolically 
with time indicating that, as yet, the missile reaction is small. Consider Oh! zh 
i.e. T = 1. The normalised miss is now about 10 and for fi - ]0 as before, the 
actual miss is 10 x 10/5* - 4m. The perturbation of the target at this time is 5m, 
indicating that the missile guidance-control system is only just reacting. 

The subtle difference between homing guidance using simple proportional navigation 
and command guidance should now be apparent. The latter system needs a great 

deal of sophistication and computing in order to reduce miss distance for fast 
approaching targets to a metre or so. In the absence of noise, homing systems are 
capable of reducing miss distances to zero because the loop gain approaches a high 
value towards the end of the trajectory, always assuming that the system has enough 
time for transients to decay. The great strength of this type of guidance is that 
missile latax tends to zero at the end of the engagement due to a heading error 
leaving the missile's full g capability to deal with target evasive manoeuvre. 

The weakness of simple proportional navigation homing is that even with a well 
designed system the guidance law is not clever at dealing with a target evasive 
manoeuvre. In a conventional command system the effect of a target manoeuvre of 
ng is likely to increase or decrease the existing missile latax by approximately 
that amount. Proportional navigation requires the missile to execute more or much 
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more than this towards the end of the engagement. 


9.7 MISS DISTANCE DUE TO ANGULAR NOISE 
In semi-active systems white noise due to a given signal-to-noise ratio and the 
receiver characteristics in general can be assumed to remain sensibly constant a 
few seconds before impact; this could be thermal noise in the receiver or the 
result of stand-off jamming. Its spectrum is NC = К гаа /rad/s = a constant. 
Since now the "input" to the system is angular noise, in any simulation it must 
enter the closed loop at a point which is the analogue of sight line angle, see 
Fig 9.7-1. 


ANGULAR NOISE 


SIGHT LINE ANGLE 
AS SEEN BY THE 
HOMING HEAD 


SIGHT LINE 
ANGLE 


FIG 9.7-1 Angular notse entering a homing system 
The control engineer sees this as part of a block diagram where Zn is the output 
and the feedback transfer function is 1/U,.(T - t) i.e. as t + T the feedback gain 
+o, This means that provided the system remains stable and the system speed of 
response is high the output should > 0 as time-to-go > 0. However, since for any 
given time-to-go, the feedback gain is inversely proportional to the missile- 
target relative velocity it follows that the output must be proportional to 
relative velocity. Clearly the mean square miss must also be proportional to the 
noise spectral density 28 Dimensional analyses suggest that the normalised miss 
М, is М, Ya s / Urka? for given damping ratios in the homing head and autopilot and 
for a given ratio wnh Yna? this means that a low bandwidth system will have a bigger 
miss than a high bandwidth one. Put in another way, when the range to go is large, 
a given angular input can be interpreted as a large apparent linear movement of the 
target. As the range decreases the apparent linear movement decreases also. Indeed 
at zero range to go the apparent target and real target will coincide. Hence, since 
a zero lag system is capable of availing itself of information right up to zero time 
to go, one would expect an infinitely fast system to exhibit zero miss due to angular 
noise. In real systems there must be some miss due to angular noise because there 
are lags in the system and instability must set in just before impact; the miss is 
usually small since the signal-to-noise ratio just before impact is generally very 
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good in homing systems. Indeed in both active and passive systems the total 
distance between energy source and receiver is virtually zero at impact; in both 
cases the miss due to thermal noise is usually insignificant. In semi-active 
systems the signal-to-noise ratio is usually good at impact since for approaching 
targets the distance from illuminator to target is a minimum and the reflected 
path length is zero. If a zero lag system exhibits zero miss then one would 
expect a zero bandwidth system to exhibit infinite miss due to angular noise. 

Bain (3) comes to this conclusion using a generalised mathematical approach. 
However one notes that in the general solution he obtains it is implied that the 
time of engagement is much longer than the effective time constant of the system. 
This would imply an (infinity)? time of engagement, a difficult concept: Since at 
very long times to go the open loop gain is virtually zero it can be visualised 
that the deviation of a low bandwidth missile from the correct trajectory due to 
angular noise would tend to increase to a very large value, from which it cannot 
effectively recover. The results shown in Fig 9.7-2 have been obtained on an 
analogue computer for 10 second engagements and for homing head bandwidths in the 
range 2-8 rad/s; Nicholls (7) has shown that when the normalised length of engage- 
ment is short, the miss due to thermal noise is correspondingly less. In other 
words the miss distances shown are for normalised engagement times longer than 
defined by Onn! = 20. It is seen that within these limits the r.m.s. miss due 

to angular noise М, is proportional to the relative velocity, is proportional to 
the square root of the spectral density of the noise, and is inversely rroportional 
to the bandwidth of the dominant lag. Poor damping, as ever with noise inputs, 
has a bad effect on system performance; in fact, if the damping ratio of the 
dominant mode is reduced much below 0.5 the effect tends to be catastrophic, and 
this has already been noted by Bain (3). It will be seen that with a slow auto- 
pilot the miss is further increased. This is to be expected since the overall 
system bandwidth is decreased. However, careful inspection of the computer runs 
suggests that the increase in miss is partly due to the decreased stability of 
such a system. Results have been obtained for a = 1, 2, 3, 4, 5 and three values 
of wnh: One hundred runs were made for each point on a graph in order to obtain a 
reasonable approximation to the r.m.s. miss, a total of six thousand computer runs 
in all. 

A figure often quoted for HM in many design studies using radar is 1077 паа /rad/s . 
If 0, is about М = 2.5 (850 m/s) then the r.m.s. miss due to angular noise for 


a = 4 and ance 8 can be in the range 0.4 to 2m depending on damping and autopilot 
bandwidth. 
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FIG 9.7-2 Miss distance due to angular notse 


9.8 MISS DISTANCE DUE TO GLINT 


We have already seen that glint is an apparent movement of a target due to motion 
causing differential phase changes at the receiver. As with command systems 
ideally we require the missile to filter out all this spurious information. 
Unfortunately it is mainly a very low frequency phenomenon whose bandwidth is 
typically equal to or less than that of our system, This means that in command 
systems provided the guidance loop is reasonably well damped the r.m.s. miss is not 
likely to be greater than the r.m.s. value of the glint itself. In homing systems 
we have seen that no attempt is made to compensate for changes in range and 
therefore a given apparent linear movement of the target results in ever increasing 
noise due to glint as range to go decreases. The miss then will tend to increase 
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with the bandwidth of the system; the feedforward gain > х as т + 0, not the feedback 
gain, as with thermal noise. If now the glint spectrum is defined by 
2 
yol = 5—7 


1+0 Tg 


where Ky has the dimensions m^ /rad/s and Ty is a constant typically about 0.25 s 
we can define Las the r.m.s. value of the glint as 


K 2 


PY fa do M WM 

g cene Ty (aire 
Since the ratio of the system bandwidth to the noise bandwidth is clearly relevant 
we can define this as wnh” V/ Tg - Onn! ; a value of nh! which is more than unity 
means that the system bandwidth is larger than the noise bandwidth, and vice-versa. 
With these parameters in mind a number of analogue computer runs have been made 
and the r.m.s. values for miss distance М are shown in Fig 9.8-1. These results 
clearly show that in homing systems the r.m.s. miss due to glint tends to be 
greater than the r.m.s. value of the glint itself. A high kinematic gain and low 
damping will increase the miss. A slow autopilot will also increase the miss 
despite the reduction in effective bandwidth; again this is almost certainly due 
to an earlier onset of loop instability. The two sets of graphs also show that if 
the system bandwidth is less than the noise bandwidth considerable filtering will 
occur resulting in a smaller miss. Fig 9.8-1(b) could well be typical of a 
system where Oh = 8 say and T has been effectively reduced to 1/16 second due to 
frequency agaility in the receiver. However it must be pointed out that in practice, 
the behaviour of a real system homing on to a real glinting target is often more 
complicated than depicted above. If the glint is severe, limiting may well occur 
somewhere in the system a second or so before impact; this will tend to reduce the 
miss but could increase the miss if the missile is already trying to pull maximum 
g in order to catch a manoeuvring target. Also in some simulations when a real 
homing head has been used plus an illuminator and a physical model of the target, 
an increase in the bandwidth of the system has actually resulted in a reduction in 
the miss due to glint; and the characteristics of the automatic gain control have 
also been found to be relevant. Apparently a higher bandwidth system spends more 
of its homing time in areas of high signal strength and this affects accuracy. 
Nevertheless, the above arguments must indicate general trends. What is not 
in doubt is that in systems using radar, glint is often the main contributor to 
miss distance in homing systems and that the use of frequency agility can 
significantly reduce its effect. 
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FIG 9.8-1 Miss distance due to glint 
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9.9 THREE-DIMENSIONAL HOMING 
Surely in any real engagement the problem is a three-dimensional one? When con- 
sidering motion due to a heading error we have considered the problem as a two- 
dimensional one. This is clearly so if the missile and target velocities lie in 
the same plane; but this is obviously a special case. Consider now the rotation 
of the sight line. This must lie in a given plane of rotation. If the plane of 
the paper is this plane and the missile and target velocities have components Un? 
Чи in this plane апа ЖР Uto perpendicular to this plane, then it is the 
difference between Uni and Чи which causes the sightline to rotate, see Fig 9.9-1. 


FIG 9.9-1 Missile and target veloctttes їп the plane of 
the paper and perpendicular to this plane 


Hence Unz and Uso must be equal and their only effect is to translate the plane. 
Similarly if there are components Un] and U] in this plane their effect will be 
to change the sight line rate in this plane as time proceeds. In such a case we 
can treat the problem as two-dimensional. However, if there is any relative 
acceleration perpendicular to this plane a component of sight line rate perpendicular 
to this plane will start to build up. The situation now is: motion due to a 
heading error in one plane and motion due to an acceleration input perpendicular 
to this plane; there is no heading error in this latter plane. In this sense the 
situation is similar to that in LOS systems. If the target flies straight, once 
the missile is gathered, a flyplane exists and the problem is two-dimensional. If 
the target manoeuvres perpendicular to the flyplane, the missile trajectory is now 
three-dimensional. 
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Movements of the missile due to thermal noise will have no preferred direction 

and movements due to a glinting target will be largely confined to the yaw plane 

of the target. Hence the engagement could be analysed as the result of 

(a) motion in one plane due to a heading error and possibly missile forward accelera- 
tion and/or target lateral acceleration in this plane. 

(b) target lateral acceleration perpendicular to this plane with all other initial 
conditions in this plane set to zero. 

(c) disturbances due to thermal noise equally in both planes. 

(d) disturbances due to glint largely in one plane of the target only. 

As with LOS systems separate estimates or simulations in one plane will be realistic 
only if there is no serious cross-coupling between the planes and no appreciable 
saturation anywhere in the system. 


9.10 AN INTEGRATED FORM OF PROPORTIONAL NAVIGATION 
We have seen that it is essential to establish an accurate measure of sight line 
rate uncontaminated by missile body motion; any such coupling reduces stability 
margins and degrades the accuracy of the homing process. Ideally we need autopilot 
instruments to regularise the missile response and rate gyros on the head to assist 
in decoupling the head from missile motion. The integrated form of proportional 
navigation seeks to reduce the number and cost of missile-borne instruments and 
uses a guidance law of the form 
Ve = кө (9.10-1) 
instead of the conventional form 
Ve = k 6, see equation (9.3-10) 

Provided the initial conditions are the same, the two types of proportional navigation 
should be indistinguishable. 
Fig 9.10-1shows the angles which are relevant. The angle channel receiver produces 
a signal proportional to (0 - d). If a potentiometer is mounted between the head 
and the body we have a measure of (d - Vin) If a free gyro is mounted in the 
missile we have a measure of Vn with respect to the original launch direction. To 
establish Ө we can write 

(6 - d) + (d - Vg) т? (9.10-2) 
This means that in order to obtain а signal proportional to sight line angle with 
respect to a space datum we need to feed back positively a signal proportional to 
(d - Vg) and another proportional to Um and add these signals to the homing head 
receiver output which is proportional to (Ө - d). The simplified block diagram is 
shown in Fig 9.10-2for small perturbations about a constant bearing course. The 
signal from the receiver is passed through a filter to reduce the high frequency 
noise content. This signal is then fed to a servo which drives the dish relative 
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ORIGINAL MISSILE DIRECTION 


FIG 9.10-1 Definition of angles 
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FIG 9.10-2 Block dtagram of an tntegrated 
form of proportional navigation 
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to the missile; it is also used as a demand to the autopilot for a change in body 
direction. The autopilot therefore uses body angle feedback provided by a free 
gyro. The complete autopilot including fin servos, aerodynamics, gyro and any 
compensation used is shown as a block with a transfer function ME The gyro 
feedback used for the autopilot is not shown explicitly in the figure. The gyro 
Signal is used again to provide a signal proportional to dish angle when summed 
with the potentiometer signal, so although the gyro is used in the autopilot block 
it is shown separately with a transfer function Үз. Тһе reader should һауе no 
difficulty in verifying that there is no feedback of dish angle or body angle 
provided 5 = Үз = Үз. Hence the system is virtually open loop from ө to Ve 
(except of course for the gyro feedback in the autopilot) and therefore we can 


write: 
Ve V 


N PUT 
ШЕБІ ме Y} . Yo . Y3 . Yq . ЕБ am N Pd T3 
The navigation constant can be adjusted by adjusting Үҙ. [fathe dice .gainrofaY ais 


k then 
А k Um COS Vico 


а = 
Up 


» see equation (9.3-10) 


The following points should be noted: 

(a) The complete guidance loop contains one integration instead of two integrations 
and no inherent differentiation - no real change. 

(b) The homing head lag does not figure as one of the system lags; instead there 

is the incidence lag, the autopilot lag as before, and any filtering one may design 
into Y, and Үҙ 

(с) Тһе difficulties in matching ni. Y7 and Yg should not be underestimated. Any 
lack of linearity or bias will lead either to some effective negative feedback 
which could reduce the open loop gain significantly, or conversely could lead to 
some nett positive feedback which could lead to instability. 

(d) Any drift in the gyro should have a negligible effect. 0.1°/s associated 

with a missile speed of 573 m/s is an effective latax of only 1 m/s and a reasonable 
quality gyro should drift much less than this. 

An obvious choice of this type of proportional navigation would be for a sea 
skimming missile using a radio altimeter for height control and a good quality 

free gyro for mid-course heading control. If the end-course guidance is homing, 
then the same gyro can then be used for both the pitch and yaw guidance channels. 


9.11 OTHER HOMING GUIDANCE LAWS 
As far as is known to the author, all other forms of homing guidance both engineered 
and proposed, have been modified forms of proportional navigation. Firstly, it 
seems most unlikely that anyone would try to improve on a guidance law which demands 


238 Guided Weapon Control Systems 
a lateral acceleration given by 


fia ЗО U, / COS Veco (9.11-1) 


yd 
if the target is relatively slow moving and the signal-to-noise ratio is likely to 
be good near interception. The miss will be very small (unless the engagement time 
is extremely short) and we have seen that such a guidance laws minimises the 
integral of the mean squared lateral acceleration; and since induced drag is 
approximately proportional to the latax squared the trajectory can be regarded 

as optimum. 

Let us now consider some situations where simple proportional navigation shows up 
less favourably. Consider a short range engagement of say 3 seconds during which 
time the missile is boosting at 20g. If the target is fairly fast and is more 

or less crossing we may easily establish a lead angle of 30°. This means that 

there is a component of acceleration relative to the sightline of 20g sin 30° = 10g. 
If the kinematic gain is 3, this means that the missile will have to pull more 

than 30g at the end of the engagement just to overcome this system "bias". 

Equation 9.6-2 is applicable as we have already argued that in homing it is the 
relative motion which determines the trajectory. The situation is the same as a 
constant speed missile and a target pulling 10g perpendicular to the sight line. 

We have also argued that late accelerations greatly increase the mean acceleration 
and hence mean squared acceleration. This undesirable situation can easily be 
remedied. In Fig 9.11-1, if the lead or look-out angle is L and the missile 


Ut 


FIG 9.11-1 Acceleration components 
longitudinal acceleration is fis then the demand f yd should be modified to 


Now the angle of look is easily measured by means of potentiometers on the homing 


= 3 6 U,/cos Vena. aly sin L/cos L (9.11-2) 


head gimbals and f, can either be stored as a function of time or measured by an 
additional fore and aft axis accelerometer. If the missile enjoys a good speed 
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superiority L will be a small angle and for sin L we can read L (i.e. a simple 
linear potentiometer output) and cosine effects can be ignored. This form of 
guidance law is usually called "acceleration compensated proportional navigation". 
Because it is not necessary to keep a homing missile in a narrow beam or LOS it 
is easy to devise schemes for increasing the range of a homing missile especially 
for attacking low-level targets. For a medium range system (e.g. missile launched 
when the target is at a range of 50 km or more), the missile can be launched at 
a fixed elevation of about 55? and a very low navigation constant employed until 
about 10 seconds to go. The induced drag will be low because of the low level of 
guidance demands, and the zero incidence drag will be extremely low because of the 
high altitude. Some prior computation is necessary to ensure that the angle of 
look does not become excessive just before homing proper commences. Similarly the 
trajectory can be уегуг ѕітр1у "shaped" if one wishes to hit a ground level target 
Such as a tank at a fairly steeply descending angle. One can inject an upward bias 
acceleration into the system which will result in a fairly large downward missile 
acceleration towards the end of the trajectory. Or, one could fly at a set height 
and inhibit all guidance commands in the vertical plane until the measured sight 
line rate exceeded a given value. The defects in simple proportional navigation 
show themselves most when it is applied to the short range air-to-air situation. 
The engagement time may be very short, targets may be crossing resulting in large 
heading errors, the missile may be boosting and the target may take a large 
evasive manoeuvre. Thrust vector control is nearly always used in such systems. 
The ideal estimator-controller computes the impact point and turns the body as 
soon as possible after launch (say in less than 0.5 seconds) so that the body (and 
hence propulsion system) is pointing directly at this point (8), (9), (10), (11), 
(12). Unfortunately launching aircraft safety considerations usually require all 
missile controls to be locked for about 0.2 seconds after launch. A large body 
turn at low missile velocity results in low induced drag and low missile latax. 
Several systems using "gimbal angle steering" have been engineered. If the 
intention is to establish a large lead angle as soon as possible, the logical 
method is to demand an angle of look, not missile latax. Dish angle feedback plus 
a limit on the demand to ensure that gimbal lock does not occur, can be used for 
the first second or so; ordinary proportional navigation can be used for the rest 
of the engagement. 
However, most of the references above are suggesting optimum guidance laws 
approximately of the form t 
K} и, Ө 5 


f ,=——— + К #, + Kf 
yd cos Veco "i 3 m 
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where Ky is approximately 3 dropping to a low value about a second or so before 
estimated impact, depending largely on the signal to noise ratio and the 
missile dynamics. This can significantly reduce the miss due to noise. 
is the estimated target latax perpendicular to the sight line and K, 

is a function of time to go. 

f, is the missile longitudinal acceleration and K3 is a function of gimbal 


X 
angle and time to go. 


ft 


However, there are formidable difficulties in implementing such a law if all 
situations are to be catered for. Time to go has to be accurately estimated; 

the effects of underestimating can be disastrous as legitimate demands near impact 
will not be implemented. Also, in practice, the estimation of target acceleration 
is difficult. The simple expedient of differentiating sight line rate is seldom 
possible due to noise considerations. However much work is being done in this 
field, and practical optimum guidance laws may yet be possible. Homing guidance 
offers the control engineer great incentives. It is theoretically possible to 
plan one's trajectory very intelligently as the missile's flight path is not 
constrained to lie in the "beam" as it is in all LOS systems. 


REFERENCES 

1. CORNFORD E.C. and BAIN R.W. The kinematics of proportional navigation courses 
for a missile with a time lag. Royal Aircraft Establishment Tech Note No G.W. 85 
October 1950. 

2. BAIN R.W. and TREBBLE F.E. Proportional navigation for a missile with a quad- 
ratic time lag. Royal Aircraft Establishment Tech Note No G.W. 307 April 1954. 

3. BAIN R.W. The analysis of linear homing navigation systems. Royal Aircraft 
Establishment Tech Note No G.W. 427 August 1956. 

4. JENKINS D.P. Proportional navigation with a quadratic lag missile. Royal 
Radar Establishment Memorandum No 1250 October 1957. 

5. JENKINS D.P. Proportional navigation against a weaving target. Royal Radar 
Establishment Memorandum No 1572 May 1959. 

6. HEAP E. Methodology of research into command-line-of-sight and homing 
guidance. AGARD Lecture Series No 52 on Guidance and control of tactical missiles 
May 1972. 

7. NICHOLLS C. A determination of the homing accuracy of a fifth order missile 
system using the adjoint method. British Aircraft Corporation report ST 7611 November 
1973: 

8. FOX J.E. Performance assessment of homing guidance laws. British Aircraft 
Corporation report no ST 17076 August 1977. 

9. FOX J.E. Optimum guidance for accelerating missiles. British Aerospace 


Proportional Navigation and Homing Guidance Loops „241 


report ST 19801 October 1979. 

10. GONZALEZ J. New methods in the terminal guidance and control of tactical 
missiles. AGARD lecture series no 101. Guidance and control for tactical guided 
weapons with emphasis on simulation and testing. June 1979. 

11. HOFFMANN W. and JOOS D. Missile guidance techniques. AGARD lecture series 
no 101. 

12. COLEMAN R. The estimation of the target manoeuvre in a fighter-interceptor/ 
aircraft target engagement. British Aerospace report no ST 20379 May 1978. 


ues com i e А4, ew m "ee ЖА "n "rel: 


' 


Монй ко "i 


sede photo (t b vA) urit 
Meere ee AREE Sie 


Жанады Ue «cms ee orte t у“ 
ЕРМЕ to fais tori nt^! м RA ИЕ Ac n 
дыб ма Wie tte? ined iE Lego Tals o qe Aw vost a nd 
Жез m kapr dinde ұлы $i p ay. Tz 6% * & a tle t 
Flas Nga “кірмеу cero Awt 7а: tee gd а LE x 
eC.) cis (a à "ae d (EE ee uL 


ығы; 


^ 
Vert 59 4) 
CAEDE D.C. are 25.5 Жа. Та a Viet en OT pret 
ДУ Жол. È XQUER ЖЕ 39 Rec 1 67е seen Cw 
La ! 
- ~ I 
4 ыҚ Ұл endl SEALE Г. ori San зе аж RIOR 
- Я - hb. га 
rea ti & Pass Н à (143 1 33 4 ir 23.5 2 WI Кк»! iets.” 
, F 
e ч d Aker Np. T 4 >> пу 575”. Age) А? Ter 
Lh. 0 7 & сз ) 
і 
[ 
t = i 2 Bi ШТІР 
ісе Ex 79 
" i E è s 4 wee > fy 
E М: + “© 
Va & E , T g ^ РЧ 
i -4- "е “ 4 А A) шм 
а , 
A = ! et 
q= 4 ® p 
y e 4.1 
қ M 
ę reer Ry 
A 


INDEX 


Accelerometers 86, 87, 89 
Aerodynamic control 
canard controls 45, 46 
moving wings 46, 47 
rear controls 42-45 
Aerodynamic derivatives 61-65, 73-74 
Aerodynamic transfer 
functions 65-73 
Altimeters 87, 91 


Angular noise - see thermal noise 


Anisoelasticity 78 
Autopilots 
definition 76 


digital autopilots 
Autopilot design 
adaptive autopilots 


149, 150 
134-136, 143 


azimuth control 136-138 
effect of canard controls 114-116 
effect of roll rate 130-133 
effect on dispersion at 

launch 121-126 
height control and sea 

skimming 138-142 
"important" aerodynamic 

derivatives 110-112 
lateral autopilot using one 

accelerometer and one rate 

gyro 97-110 
lateral autopilot using one 

rate gyro 114 
lateral autopilot using two 

accelerometers 112-114 
objectives 94-97 
roll autopilots 126-130 
velocity control autopilots 118-121 


vertic 
Beam riding 


Body to beam angle 


launch autopilots 


143-122 


153-155, 163 


Cartesian control 37-40, 47, 48 
Centre of pressure 43, 64 
Collimation БОБА а 79 
Criteria of performance 

- ITAE 104-106, 162, 183 


Cross coupling 58, 59, 86, 182, 235 


Digital control 146, 149, 150, 172-174 
Differential trackers 160, 162 


Equivalent noise bandwidth 14-18 
Euler angles 146 


Euler's equations of motion 58-60 
Feedback, some objectives 1-3 
Feedforward terms 161, 166-170 
Flyplane 15225167 


Frequency agility 2051232 
Gain-bandwidth product 84 
Gimbal angle 187, 239 
Glint 18-20, 176, 231-233 


Guidance accuracy 


in medium range beam riders 174-178 

in semi-automatic systems 178-180 

in homing systems 206-235 
Gyros 

free or position 80-83 

rate or constrained 83-86 

theory of 76-79 


Homing - see proportional navigation 


other homing guidance laws 237-240 
Homing heads 185-191 
Incidence lag 71,9722 12057090 
Isolated sight line 196 
ITAE optimum forms 104-106 
Kinematic closure of guidance 

loop 163, 164 
Kinematic gain 204 
Line of sight 152 
Magnus effect 192 
Manual systems 160 
Missile compensation 197 
Missile lateral acceleration 153-159 


(latax) 201, 200. 20/2220 «222 
Modern control theory 183, 239 
Normalised coefficients 103, 104 
Notch filters 2] 
Nutation frequency 79 
Optimum systems 208, 239 

a self optimising servo 24, 25 
Orientation difficulties 171 
Phasing error 170-172 


Polar control 37-40, 47, 48 


Proportional navigation 


acceleration compensated 238, 239 
concepts 198-202 
effect of a missile heading 

error 206 -222 
effect of a target manoeuvre 222-229 
instability in homing ZU? 
integrated form of 235-237 
minimum g requirements 2005 223 


minimum homing time 215, 217 
miss distance due to angular 

noise 229-231 
miss distance due to glint 231-233 


243 


244 


navigation constant 
optimum kinematic gain 
the mathematical model 


Radome aberration 
Resolvers 
Roll control 


Sea spectra 
Semi-automatic systems 
Stability 
in lateral autopilots 
in LOS guidance loops 
in homing systems 
Static margin 
Structure of guidance loop 


Thermal noise 
Three point guidance 


Index 


199-205, 208 Thrust vector control 


208 
202-205 


192-196 
87.5, 883590 
40-42 


138-140 
160, 178-180 


1195 ШЕ 
164-166 
2174 218 
43, 64, 70 
176-179 


135 172-172: 2222621 


152 


aerodynamic derivatives 742275 
applications 48-50 
methods 50-55 
used in homing systems 239 
used in vertical launch 144, 145 
Tracking accuracy 
effect of drift in amplifiers 21 
effect of glint 18-20 
effect of load torques 21-23 
effect of outside disturbances 55 6 
effect of target motion 4-13 
effect of thermal noise 13-18 
effect of wind 23, 24 
Weathercock frequency 68-71 
Word length, effect on ^ 
digital control 173, 174 


n 


5: 


Guided Weapon 
Control Systems 


2nd Edition 


P. Garnell 


INDEPENDENT OPINIONS OF THE 1st EDITION 
"^...8 very interesting and informative book, and should prove 


very useful to all guided weapons engineers.” 
Aerospace 


"ла most challenging book on a specialist subject, and, so 
far as is known, the only book devoted to GW control 
systems... comprehensively referenced.... Numerous high 


quality diagrams and figures illustrate the text.” 
British Book News 


"а very interesting book, by virtue of the numerous “case 
studies” of design... well organized and weil written. The 
book is recommended as a reference and belongs on the 
bookshelf of every missile guidance system designer and 


researcher.’ 
iEEE Transactions on Systems, Man, 2nd Cybernetics 


0 08 025468 3 


